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17 Separation of Variables for PDEs

Finding analytic solutions to PDEs is essentially impossible. Most of the
PDE techniques involve a mixture of analytic, qualitative and numeric ap-
proaches. Of course, there are some easy PDEs too. If you are lucky your
PDE has a solution with separable variables. In this chapter we discuss the
application of the method of separation of variables in the solution of PDEs.

17.1 Second Order Linear Homogenous ODE with Con-
stant Coefficients
In this section, we review the basics of finding the general solution to the

ODE
ay”" +by +cy=0 (17.1)
where a, b, and ¢ are constants. The process starts by solving the charac-

teristic equation
ar* +br+c=0

which is a quadratic equation with roots

—b+Vb? — 4dac
2a '

T2 =

We consider the following three cases:
o If b? — 4ac > 0 then the general solution to (17.1) is given by

y(t) _ Ae( —b— 21;2 4as) +B€( b2 4ac)

e If b> — 4ac = 0 then the general solution to (17.1) is given by
y(t) = Ae %' + Bte %!,
o If > — 4ac < 0 then
b, ~4dac — b2

7”12— —_ 3
2a 2a

and the general solution to (17.1) is given by

V4dac — b? by Vdac — b?
—— |t+ Be m'sin | —— | ¢.

£) = Ae— 2t
y(t) e ? COS( o0 o



17.2 The Method of Separation of Variables for PDEs

In developing a solution to a partial differential equation by separation of
variables, one assumes that it is possible to separate the contributions of
the independent variables into separate functions that each involve only one
independent variable. Thus, the method consists of the following steps

1. Factorize the (unknown) dependent variable of the PDE into a product of
functions, each of the factors being a function of one independent variable.
That is,

u(z,y) = X(2)Y (y).

2. Substitute into the PDE, and divide the resulting equation by X (x)Y (y).
3. Then the problem turns into a set of separated ODEs (one for X (z) and
one for Y (y).)

4. The general solution of the ODEs is found, and boundary initial condi-
tions are imposed.

5. u(x,y) is formed by multiplying together X (x) and Y (y).

We illustrate these steps in the next three examples.

Example 17.1
Find all the solutions of the form w(z,t) = X (x)T'(t) of the equation

Ugpye — Uyp = Ut.

Solution.
It is very easy to find the derivatives of a separable function:

uy = X' (2)T(t),uy = X(x)T"(t) and u,, = X"(2)T(t),

which is basically a consequence of the fact that differentiation with respect
to x sees t as a constant, and vice versa. Now, the equation u,, — u, = u;
becomes

X"(x)T(t) — X'(2)T(t) = X(x)T'(t).
We can separate variables further. Division by X (x)7T'(t) gives

X"(z) - X'(z) T'(t)
X(z) T(t)
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The expression on the LHS is a function of z whereas the one on the RHS is
a function of ¢ only. They both have to be constant. That is,

X'(a) =~ X'(a) T

X(z) T

Thus, we have the following ODEs:
X'— X' = AX =0and T = \T.

The second equation is easy to solve: T(t) = Ce*. The first equation is
solved via the characteristic equation w? —w — A\ = 0, whose solutions are

1£+V1+4\
Ww=—————:.
2

It > —}l then

EViery 1 VITIx
X(x)=Ae 2 ®4+ Be =z =

In this case,

1+V144X 1—v144X
u(z,t) = De 2 "M+

If = —}l then
and in this case

If < —}l then

X (z) = Ae> cos (ﬂx> + Be? sin (Mx)
5 .

In this case,

@ —(1 44X\ - (1 + 4\
u(z,t) = D'ez ™ cos (%x) + Blezt™gin <¥x> ]

Example 17.2
Solve Laplace’s equation using the separation of variables method

AU = Uy + Uyy = 0.



Solution.
We look for a solution of the form wu(z,y) = X (z)Y (y). Substituting in the
Laplace’s equation, we obtain

X"(2)Y (y) + X(2)Y"(y) = 0.

Y (y)
Y(y)

Assuming X (2)Y (y) is nonzero, dividing for X ()Y (y) and subtracting
from both sides, we find:

X'(z) __Y'(y)

X(x) Y(y)

The left hand side is a function of x while the right hand side is a function
of y. This says that they must equal to a constant. That is,
X"(x) _ Y"(y)
X@) Y

=A

where A is a constant. This results in the following two ODEs
X"—=AX =0and Y+ \Y =0.

The solutions of these equations depend on the sign of .
e If A > 0 then the solutions are given

X(z) =AM 4 Be VM
Y (y) =C cos VAy + Dsin v/ Ay

where A, B, C, and D are constants. In this case,

u(x,t) —k1eV cos Vy + EyeV® sin Vy
Fhse V2 cos VAy + kse VM sin V.

o If \ =0 then

X(z) =Ax+ B
Y(y) =Cy+ D

where A, B, and C are arbitrary constants. In this case,

u(x,y) = kixy + kox + ksy + ky.
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e If A < 0 then

X(xz) =AcosvV—Ax + Bsinv—\z
Y(y) —CeV™™ 4 De VM

where A, B, C, and D are arbitrary constants. In this case,

u(z,y) =k cos V—AzeV ™ + ky cos vV—Aze VW
+ks sin v/ —dzeV N 4 kysinvV—ze VNV

Example 17.3
Solve using the separation of variables method.

Yu, — xu, = 0.

Solution.
Substitute u(x,t) = X(x)Y (y) into the given equation we find

yX'Y —2XY' = 0.
This can be separated into
X’ Y’
X gy’
The left hand side is a function of x while the right hand side is a function
of y. This says that they must equal to a constant. That is,

XY
x X :y_Y:

where A is a constant. This results in the following two ODEs
X' — XX =0and Y — \yY =0.

Solving these equations using the method of separation of variable for ODEs

12 2
we find X (z) = Ae* and Y(y) = Be't. Thus, the general solution is given
by
Az +y?)
2

u(z,y) = Ce [ ]
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Practice Problems

Problem 17.1
Solve using the separation of variables method

Au+ = 0.

Problem 17.2
Solve using the separation of variables method

U = kg,

Problem 17.3
Derive the system of ordinary differential equations for R(r) and ©(0) that
is satisfied by solutions to

1
Upp + —Up + —2U99 = 0.
T T

Problem 17.4
Derive the system of ordinary differential equations and boundary conditions
for X (z) and T'(t) that is satisfied by solutions to

Uy = Uge —2u, O<z <1, t>0

uw(0,t) =0 =wu,(1,t) t>0
of the form u(x,t) = X (z)T'(t). (Note: you do not need to solve for X and
T.)

Problem 17.5
Derive the system of ordinary differential equations and boundary conditions
for X (z) and T'(t) that is satisfied by solutions to

U = kyy, 0<axz<L,t>0

u(z,0) = f(z), w(0,t) =0=wu,(L,t) t>0

of the form u(x,t) = X (z)T'(t). (Note: you do not need to solve for X and
T.)

Problem 17.6
Find all product solutions of the PDE wu, + u; = 0.
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Problem 17.7
Derive the system of ordinary differential equations for X (x) and Y (y) that
is satisfied by solutions to

Uy — DUgpgy + TUzgy = 0.
of the form u(x,y) = X (2)Y (y).

Problem 17.8
Find the general solution by the method of separation of variables.

Ugy +u = 0.

Problem 17.9
Find the general solution by the method of separation of variables.

Uy — YUy = 0.

Problem 17.10
Find the general solution by the method of separation of variables.

Ut — Ugy = 0.

Problem 17.11

For the following PDEs find the ODEs implied by the method of separation
of variables.

(a) uy = kr(ru,),

Problem 17.12
Find all solutions to the following partial differential equation that can be
obtained via the separation of variables.

Uy — Uy = 0.

Problem 17.13
Separate the PDE v, — u, + u,,, = v into two ODEs with a parameter. You
do not need to solve the ODEs.
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