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10 The Cauchy Problem for First Order Quasi-
linear Equations

When solving a partial differential equation, it is seldom the case that one
tries to study the properties of the general solution of such equations. In
general, one deals with those partial differential equations whose solutions
satisfy certain supplementary conditions. In the case of a first order partial
differential equation, we determine the particular solution by formulating an
initial value porblem also known as a Cauchy problem.

In this section, we discuss the Cauchy problem for the first order quasilinear
partial differential equation

a(z,y, u)u, + bz, y, w)u, = c(z,y,u). (10.1)

Recall that the initial value problem of a first order ordinary differential
equation asks for a solution of the equation which has a given value at a
given point in R. The Cauchy problem for the PDE (10.1) asks for a solution
of (10.1) which has given values on a given curve in R?. A precise statement
of the problem is given next.

Initial Value Problem or Cauchy Problem
Let C be a given curve in R? defined parametrically by the equations

z=o(t), y=1yolt)

where xg, 1o are continuously differentiable functions on some interval I. Let
up(t) be a given continuously differentiable function on I. The Cauchy prob-
lem for (10.1) asks for a continuously differentiable function u = u(x,y)
defined in a domain Q C R? containing the curve C' and such that:

(1) w = u(z,y) is a solution of (10.1) in .

(2) On the curve C, u equals the given function ug(t), i.e.

u(zo(t), yo(t)) = uo(t), t € I. (10.2)

We call C the initial curve of the problem, uy(t) the initial data, and
(10.2) the initial condition or Cauchy data of the problem. See Figure
10.1.
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Figure 10.1

If we view a solution u = u(z,y) of (10.1) as an integral surface of (10.1),
we can give a simple geometrical statement of the problem: Find a solu-
tion surface of (10.1) containing the curve I' described parametrically by the
equations

Uiz =xot), y=yo(t), u=up(t), tel.

Note that the projection of this curve in the zy—plane is just the curve C.
The following theorem asserts that under certain conditions the Cauchy prob-
lem (10.1) - (10.2) has a unique solution.

Theorem 10.1

Suppose that xo(t), yo(t), and ug(t) are continuously differentiable functions
of ¢t in an interval I, and that a,b, and ¢ are functions of z,y, and u with
continuous first order partial derivatives with respect to their argument in
some domain D of (x,y,u)—space containing the initial curve

Dia=xot), y=yo(t), u=1un(t)
where t € 1. If (zo(t), yo(t), uo(t)) is a point on I' that satisfies the condition

o), o), w0(1)) 2 (1) — Blao(t), o (1), o () 2 (1) £ 0 (10.3)
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then by continuity this relation holds in a neighborhood U of (x¢(t), (%))
so that I' is nowhere characteristic in U. In this case, there exists a unique
solution u = wu(z,y) of (10.1) in U such that the initial condition (10.2) is
satisfied for every point on C contained in U. See Figure 10.2. That is, there
is a unique integral surface of (10.1) that contains I' in a neighborhood of

(zo(t), yo(t)).

v

Figure 10.2

We construct the desired solution using the method of characteristics as
follows: Pick a point (xo(t), yo(t), ue(t)) € I'. Using this as the initial value
we solve the system of ODEs consisting of the characteristic equations in
parametric form

ds
dy
A X
ds
du

=c

i



satisfying the initial condition
(2(0),5(0), u(0)) = (2o(t), yo(t), uo(t)).

The solution depends on the parameter s so it consists of a triples of functions
r=ux(s,t), y=y(st), u=u(st). (10.4)

This system represents the parametric representation of the integral surface
of the problem in which the curve I' corresponds to s = 0. The solution u is
recovered by solving the first two equations in (10.4) for

t=t(z,y), s=s(z,7)

and substituting these into the third equation to obtain u(x,y) = u(s(z,y), t(x,y)).
We illustrate this process next.

Example 10.1
Solve the Cauchy problem

Uy +uy =1
u(z,0) =f(x).

Solution.
The initial curve in R3 can be given parametrically as

[':xo(t) =t, yo(t) =0, up(t) = f(2).
We have

dy dx

a(xo(t),yo(t),uo(t))d—;(t) - b(xo(t),yo(t),uo(t))d—;(t) =-1#0
so by the above theorem the given Cauchy problem has a unique solution.
To find this solution, we solve the system of ODEs

dx
-1
ds
dy
A
ds
du _1

i
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Solving this system we find

z(s,t) =s+at), y(s,t)=s+p6(t), u(s)=s+~(t).

But x(0,t) = t so that a(t) = t. Similarly, y(0,¢) = 0 so that 3(t) = 0
and u(0,t) = f(¢) implies v(t) = f(t). Hence, the unique solution is given
parametrically by the equations

(s, t) =t+s, y(s,t)=s, u(s,t)=s+ f(t).

Solving the first two equations for s and ¢ we find

and substituting these into the third equation we find

u(z,y) =y + flz —y).

Alternative Computation
We can apply the results of the previous section to find the unique solution.
If we solve the characteristic equations in non-parametric form

@ dy du

we find x —y = ¢; and u — x = ¢o. Thus, the general solution of the PDE
is given by u = z 4+ F(z — y). Using the Cauchy data u(z,0) = f(z) we find
f(x) = = + F(z) which implies that F'(z) = f(z) — z. Hence, the unique
solution is given by

u(r,y) =+ flr—y)—(z-y)=y+flz-y)n

If condition (10.3) is not satisfied then C' is a characteristic curve. If the
curve [ satisfies the characteristic equations than the problem has infinitely
many solutions. To see this, pick an arbitrary point Py = (x¢, yo,uo) on T
Pick a new initial curve I'" passing through P, which is not tangent to I" at
Py. In this case, condition (10.3) is satisfied and the new Cauchy problem has
a unique solution. Since there are infinitely many ways of selecting I, we
obtain infinitely many solutions. We illustrate this case in the next example.



Example 10.2
Solve the Cauchy problem

Uy + Uy =1

u(z, x) =x.

Solution.
The initial curve in R? can be given parametrically as

[:ag(t) =t, yo(t) =t, up(t) =t.

We have

dl‘o

a(zo(t), yo(t), uo(t))— = (t) = b(wo(t), yo(t), uo(t)) — = (t) = 0.

As in Example 10.1, the general solution of the PDE is u(x,y) =y + f(z —
y) where f is an arbitrary differentiable function. Using the Cauchy data
u(z,z) = x we find f(0) = 0. Thus, the solution is given by

u(z,y) =y + f(z—y)

where f is an arbitrary function such that f(0) = 0. There are infinitely
many choices for f. Hence, the problem has infinitely many solutions. Note
that I' satisfies the characteristic equations m

If condition (10.3) is not satisfied and if I" does not satisfy the characteristic
equations then it can be shown that the Cauchy problem has no solutions.
We illustrate this case next.

Example 10.3
Solve the Cauchy problem

Uy + Uy =1

u(z, ) =1.

Solution.
The initial curve in R3 can be given parametrically as

U:ag(t) =t, yo(t) =t, up(t) = 1.
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We have
dx 0

a(zo(t), yo(t), Uo(t))d—t(t) = b(zo(t), yo (1), Uo(t))g
Solving the characteristic equations in parametric form we find

x(s,t) =s+alt), y(s,t)=s+p(t), u(s,t)=s+~(t).

(t) = 0.

Clearly, I' does not satisfy the characteristic equations. Now, the general
solution to the PDE is given by u = y + f(x — y). Using the Cauchy data
u(z,z) = 1 we find f(0) = 1 — x, which is not possible since the LHS is a
fixed number whereas the RHS is a variable expression. Hence, the problem
has no solutions m

Example 10.4
Solve the Cauchy problem

Uy — Uy =1
u(z,0) =z°. (10.5)

Solution.
The initial curve is given parametrically by

L oao(t)=t, yolt) =0, up(t) =1t

We have
dyo d[E()
a(xo(t),yo(t),uo(t))%(t) — b(o(t), yo (1), Uo(t))%(t) =1#0
so the Cauchy problem has a unique solution.
The characteristic equations are

de _dy _dn

1 —1 1
Using the first two fractions we find x 4+ y = ¢;. Using the first and the third
fractions we find u — x = c¢y. Thus, the general solution can be represented
by
u=x+ f(r+y)
where f is an arbitrary differentiable function. Using the Cauchy data
u(x,0) = 2% we find 22 — x = f(x). Hence, the unique solution is given
by
u=z+(@+y—(@t+y)=(@+y)’-ym



Example 10.5
Solve the initial value problem

up + uuy =z, u(zr,0) = 1.

Solution.
The initial curve is given parametrically by

I: .To(t) = t, yo(t) = 0, Uo(t) =1.

We have

dl’o

o), 9o, w0(1)) 2 1) — b (1) o (1) o (1)

= () =—1#0

so the Cauchy problem has a unique solution.
The characteristic equations are

d_dr_du
1 u  x
Since
dt d(z+u)
1 z4u

we find that (x + u)e™® = ¢;. Now, using the last two fractions we find
u? — 22 = ¢y. Hence, the general solution is given by

fl(x+uwe ™ u?—2*) =0

where f is an arbitrary differentiable function. Using the Cauchy data we
findeg=14+zand o =1—2>=2(1+2z)— (1+2)? =2¢ — . Thus,

t 2t

uw? —2* =2(x +u)et — (v +u)le”
or
u—x=2e"— (z+u)e .

This can be reduced further as follows: u + ue % = x + 2e~ ¢ — ze 2 =

2et+a(l —e) = u= 142;:; + x};iizz = sech(t) + ztanh(t) m
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Example 10.6
Solve the initial value problem

Ul + Uy = 1
with the initial curve
[:ao(t) =22, yo(t) =2t, wug(s) =0, t>0.

Solution.
We have

d[L‘o

—(t) = —4t t
o () #0,1>0

a(wo(t), yo(t), uo(t))—=(t) — b(xo(t), yo(t), uo(?))

dt
so the Cauchy problem has a unique solution.

The characteristic equations in parametric form are given by the system of
ODEs

ds
dy

— =1
ds

du

— =1.
ds

Thus, the solution of this system depends on two parameters s and ¢. Solving
the last two equations we find

y(s,t) = s+ p(t), u(s,t)=s+~(t).
Solving the first equation with u being replaced by s + () we find
2(5,1) = %ﬁ + (D) + alt).
Using the initial conditions
x(0,t) =2t y(0,t) = 2t, u(0,t) =0

we find ]
x(s,t) = 552 +2t%, y(s,t) =s+2t, u(st)=s.
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Eliminating s and ¢ we find
(u —y)* +u* = 2z.

Solving this quadratic equation in u to find

NI

2u =y + (4o — y?)2.
The solution surface satisfying « = 0 on y? = 2z is given by
2u =y — (4o — yQ)%.

This represents a solution surface only when y? < 4x. The solution does not
exist for y> > 4o m
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Practice Problems

Problem 10.1
Solve
(y —wuy + (u—2)uy =2 —y

with the condition u(z, 1) = 0.
Problem 10.2

Solve the linear equation
YUz + TUy = U

with the Cauchy data u(zx,0) = 3.
Problem 10.3

Solve
o(y? + u)u, — y(o? + u)u, = (2 — y*)u

with the Cauchy data u(z, —z) = 1.

Problem 10.4

Solve

XUy + YU, = ve "

with the Cauchy data u(zx,z?) = 0.

Problem 10.5
Solve the initial value problem

Tuy +u, =0, u(z,0)= f(z)
using the characteristic equations in parametric form.

Problem 10.6
Solve the initial value problem

ur +au, =0, u(x,0) = f(x).

Problem 10.7
Solve the initial value problem

auy +u, = u?, u(r,0) = cosx
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Problem 10.8
Solve the initial value problem

Uy + 2uy =u, u(l,y) = h(y).

Problem 10.9
Solve the initial value problem

wi, +uy =0, u(z,0)= f(z).

Problem 10.10
Solve the initial value problem

V1—2%u, +u, =0, u(0,y)=y.

Problem 10.11
Counsider
Tug + 2yu, = 0.

(i) Find and sketch the characteristics.

(ii) Find the solution with u(1,y) = €Y.

(iii) What happens if you try to find the solution satisfying either u(0,y) =
g(y) or u(z,0) = h(x) for given functions g and h?

(iv) Explain, using your picture of the characteristics, what goes wrong at
(z,y) = (0,0).

Problem 10.12
Solve the equation u, + u, = u subject to the condition u(x,0) = cosz.

Problem 10.13
(a) Find the general solution of the equation

Uy + YUy = U.

(b) Find the solution satisfying the Cauchy data u(z,3e”) = 2.
(c) Find the solution satisfying the Cauchy data u(z,e”) = e®.

Problem 10.14
Solve the Cauchy problem

uy +4u, = x(u+1)
u(z,br) = 1.
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Problem 10.15
Solve the Cauchy problem
Up — Uy = U

u(z, —x) = sinz.

Problem 10.16
(a) Find the characteristics of the equation

YUz + 2y = 0.

(b) Sketch some of the characteristics.
(¢) Find the solution satisfying the boundary condition u(0,y) = e™¥".
(d) In which region of the plane is the solution uniquely determined?

Problem 10.17

Consider the equation u, + yu, = 0. Is there a solution satisfying the extra
condition

(a) u(z,0) =1

(b) u(z,0) = 27

If yes, give a formula; if no, explain why.
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