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28 Calculus of Matrix-Valued Functions of a
Real Variable

In establishing the existence result for second and higher order linear differ-
ential equations one transforms the equation into a linear system and tries
to solve such a system. This procedure requires the use of concepts such
as the derivative of a matrix whose entries are functions of ¢, the integral
of a matrix, and the exponential matrix function. Thus, techniques from
matrix theory play an important role in dealing with systems of differential
equations. The present section introduces the necessary background in the
calculus of matrix functions.

Matrix-Valued Functions of a Real Variable
A matrix A of dimension m x n is a rectangular array of the form

a1 a12 A1p
A _ 921 929 A9y,
Am1 Am2 ... Amn

where the a;;’s are the entries of the matrix, m is the number of rows, n
is the number of columns. The zero matrix 0 is the matrix whose entries
are all 0. The n x n identity matrix I, is a square matrix whose main
diagonal consists of 1’s and the off diagonal entries are all 0. A matrix A can
be represented with the following compact notation A = (a;;). The entry a;;
is located in the ith row and jth column.

Example 28.1
Consider the matrix

-5 0 1
At)y=1] 10 =2 0
-5 2 -7
Find ag9, @392, and a923.
Solution.
The entry ags is in the second row and second column so that asy = —2.

Similarly, azo = 2 and as3 =0 m



An m x n array whose entries are functions of a real variable defined on
a common interval is called a matrix function. Thus, the matrix

au(t) alg(t) alg(t)
A(t) = | ax(t) agn(t) ay(t)
az (t) as(t) ass(t)

is a 3 X 3 matrix function whereas the matrix
(1)
x(t) = | zo(t)
z3(t)
is a 3 x 1 matrix function also known as a vector-valued function.

We will denote an m x n matrix function by A(t) = (a;;(t)) where a;;(t) is
the entry in the ith row and jth coloumn.

Arithmetic of Matrix Functions
All the familiar rules of matrix arithmetic hold for matrix functions as well.

(i) Equality: Two m x n matrices A(t) = (a;;(t)) and B(t) = (b;;(t)) are
said to be equal if and only if a;;(¢) = b;;(¢) forall 1 <i <mand 1 < j <n.
That is, two matrices are equal if and only if all corresponding elements are
equal. Notice that the matrices must be of the same dimension.

Example 28.2
Solve the following matrix equation for a, b, ¢, and d

a—b b+c (81
3d+c 2a—4d | \ 7 6
Solution.

Equating corresponding entries we get the system

a — b = 8
b + ¢ =1

c + 3d =7

2a — 4d = 6

Adding the first two equations to obtain a + ¢ = 9. Adding 4 times the third
equation to 3 times the last equation to obtain 6a + 4c = 46 or 3a + 2¢ = 23.
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Solving the two equations in a and c¢ one finds a = 5 and ¢ = 4. Hence,
b=-3andd=1m

(i) Addition: If A(t) = (a;(t)) and B(t) = (b;;(t) are m x n matrices
then the sum is a new m X n matrix obtained by adding corresponding ele-
ments

(A +B)(t) = A(t) + B(t) = (a;(t) + bi; (1))

Matrices of different dimensions cannot be added.

(ili) Subtraction: Let A(t) = (a;;(t)) and B(t) = (b;;(t)) be two m x n
matrices. Then the difference (A — B)(t) is the new matrix obtained by
subtracting corresponding elements,that is

(A = B)(t) = A(t) = B(t) = (a;(t) — bi(1))

(iv) Scalar Multiplication: If « is a real number and A(t) = (a;;(t)) is an
m X n matrix then («A)(t) is the m x n matrix obtained by multiplying the
entries of A by the number «; that is,

(@A)(t) = aA(t) = (aai;(t))

(v) Matrix Multiplication: If A(t) is an m xn matrix and B(t) isann xp
matrix then the matrix AB(?) is the m X p matrix

AB(t) = (ci;(1))
where

cij(t) =) am(t)bry(t)

That is the ¢;; entry is obtained by multiplying componentwise the ith row
of A(t) by the jth column of B(t). It is important to realize that the order
of the multiplicands is significant, in other words AB(t) is not necessarily
equal to BA(t). In mathematical terminology matrix multiplication is not
commutative.

Example 28.3

1 2 2 -1
R L
Show that AB # BA. Hence, matrix multiplication is not commutative.
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Solution.
Using the definition of matrix multiplication we find

-4 7 -1 2
wo [ e[ 2]

Hence, AB # BA n

(vi) Inverse: An n x n matrix A(t) is said to be invertible if and only if
there is an n x n matrix B(t) such that AB(¢) = BA(t) = I where I is the
matrix whose main diagonal consists of the number 1 and 0 elsewhere. We
denote the inverse of A(t) by A~1(¢).

Example 28.4
Find the inverse of the matrix

A=l

given that ad — be # 0. The quantity ad — bc is called the determinant of
A and is denoted by detA

Solution.
Suppose that

Then

This implies that

[ax—i—cy bx—i—dy} _{1 O}

az+ct bz4dt 01
Hence,
ar+cy = 1
br+dy = 0
az+ct = 0
bz+dt = 1

Applying the method of elimination to the first two equations we find
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— _d _=b
T = Gd—be ad—bc

and y =
Applying the method of elimination to the last two equations we find

J— —C _ a
<= wd—be and ¢ = ad—bc

1 d —b
Al =
ad—bc[—c a } "

Norm of a Vector Function

The norm of a vector function will be needed in the coming sections. In one
dimension a norm is known as the absolute value. In multidimenesion, we
define the norm of a vector function x with components x1,zs, - - - , z, by

Hence,

[l = ] 4 faa| 4 - -+ [l

From this definition one notices the following properties:
(i) If ||x|| = O then |zi| + |xo| + -+ + |z,] = 0 and this implies that

|z1| = |2o| = - -+ = |z,| = 0. Hence, x = 0.

(i) If v is a scalar then ||ax|| = oz |+ |axe| + - - - + |ax,| = |a|(|z1] + |22 +
e |zn]) = alf||x]].

(iii) If x is vector function with components x1, xs,- - ,x, and y with com-

ponents Y1, Y2, , Yn then

o+ 3] + |22 + ol + - 4 20 +
(] |zof - A fan]) + (fya| 4 [yo] + -+ 4 [yal)
[1x[[ + [yl

[ + vl

IHIA

Limits of Matrix Functions
If A(t) = (a;;(t)) is an m x n matrix such that lim; ,,, a;;(t) = L;; exists for
all 1 <7< mand 1< j<n then we define

lim A(t) = (Li;)

t—to

Example 28.5
Suppose that

Find lim; ,; A(t).



Solution.
. . hmtﬁl (tz - Bt) hmtﬁl t3 . —4 1
fm A(t) = { limp 2t lim,3 | | 2 3™

If one or more of the component function limits does not exist, then the limit
of the matrix does not exist. For example, if

wo-[3

then lim;_,o A does not exist since limt_m% does not exist.
We say that A(t) is continuous at t = ¢, if

lim A(t) = A(to)

t—to

Example 28.6
Show that the matrix

is continuous at t = 1.

Solution.
Since

t—1 0 €2

lim A(f) — [2 1/2} — A1)

we have A(t) is continuous at t =1 m
Most properties of limits for functions of a single variable are also valid for
limits of matrix functions.

Matrix Differentiation
Let A(t) be an m x n matrix such that each entry is a differentiable function
of t. We define the derivative of A(t) to be

A = i Alt+ h})z — A1)

provided that the limit exists.



Example 28.7
Let

At) = { an(t) an(l) }

921 (t) 929 (t)

where the entries a1, a2, as;, and age are differentiable. Find A’(t).

Solution.
We have

A/(t) — hmh—>0 A(t—&-hlz—A(t)

limy, 0

. a11(t+h)—a11(t . a12(t+h)—a12(t
[ty @)y a0
Mp—0

a21(t+h)—a21(t) 1 azg(t—‘rh}i—agz(t)
h h

_ [ o]

ay (1) a(t)

It follows from the previous example that the derivative of a matrix function
is the matrix of derivatives of its component functions. From this fact one
can check easily the following two properties of differentiation:

(i) If A(t) and B(t) are two m x n matrices with both of them differentiable
then the matrix (A + B)(t) is also differentiable and

(A+B)(t)=A'(t) + B'(t)

(ii) If A(t) is an m x n differentiable matrix and B(t) is an n x p differentiable
matrix then the product matrix AB(t) is also differentiable and

(AB)'(t) = A'()B(t) + A(t)B/(1)

Example 28.8
Write the system

v = an®)y(t) + aa(t)ya(t) + ara(t)ys(t) + g1(t)
Ys az ()Y () + age(t)y2(t) + azs(t)ys(t) + g2()
ys = an(t)yi(t) + aa(t)ya(t) + az(t)ys(t) + gs(t)

in matrix form.
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Solution.

Let
y1(t) ain(t) ap(t) ais g1(t)
yt)= 1| wt) |, Alt)=| an(t) axn(t) as |, g(t)=| g(t)
ys(t) asy agz  as3 g3(t)

Then the given system can be written in the matrix form

y'(t)=A)yt) +g(t)m

Matrix Integration:

Since the derivative of a matrix function is a matrix of derivatives, it should
not be surprising that antiderivatives of a matrix function can be evaluated
by performing the corresponding antidifferentiation operations upon each
component of the matrix function. That is, if A(t) is the m x n matrix

Gll(t) alg(t) s &1n<t>
A(t) _ a/21(t) 929 (t) cee CLQn(t)
A1 (t)  Ama(t) -+ amn(t)
then
fan(t)dt fa12(t)dt tee faln(t)dt

/A(t)dt _ fa21:(t)dt fa22(t)dt fazn:(t)dt

J ami(t)dt [ ame(t)dt -+ [ am,;(t)dt

Example 28.9
Determine the matrix function A(t) if

o a1
A't) = [cost 3t2}

Solution.
We have
411 t+ o 2t C11 C12
A = . = .
(t) sint 4 co; 3 + oo sint |7 Cor Coo u

11



Finally, we conclude this section by showing that

||/ ds||</r|x )Ilds

ftxls

fto zo(s)d

ft Tn(s
= |ft:p1 ds|—|—|ftm2 d3|+ |fta:n s)ds|
< ft ERE |ds—|—ft |z2(s)|ds + - - —l—ft |z, (s)|ds
= ft (lza] + 22| + - + |2nl) ds-ft0||x s)||ds

To see this,

1Sy, x(s)ds|| =
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Practice Problems

Problem 28.1
Consider the following matrices

A(t) = [tgl 2ttj—1}’B(t)

I
1
O o+
~

|
+H
[\

—_
e}
—~
~
~—
I
1

~
I
LT
[—
—_

(a) Find 2A(t) - 3tB(t)

(b) Find A(t)B(t) - B(t)A(t)

(c) Find A(t)c(t)

(d) Find det(B(t)A(t))

Problem 28.2

Determine all values t such that A(t) is invertible and, for those t-values,
find A~1(¢).

All) = {ttl ti11

Problem 28.3
Determine all values ¢ such that A(t) is invertible and, for those t-values,
find A~1(¢).

At) = { sint — cost }

sint cost

Problem 28.4
Find

Problem 28.5
Find

lim tet  tant
t50 | t2—2 esint

Problem 28.6
Find A’(t) and A”(t) if

sint 3t
Alt) = {t2+2 5 }
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Problem 28.7
Express the system

Yy, = t*y, + 3y +sect
yy = (sint)y; +tys —5
in the matrix form

y'(t) = A()y(t) + g(t)

Problem 28.8
Determine A (t) where

Problem 28.9
Determine A (t) where

wo=[ 5] a0=[ 1 1] aw-[3 3]

Problem 28.10
Calculate A(t) = fot B(s)ds where

e’ 6s
B(s) = { cos2ms sin2ms }

Problem 28.11
Construct a 2 x 2 a nonconstant matrix function A(t) such that A%(¢) is a
constant matrix.

Problem 28.12
(a) Construct a 2 x 2 differentiable matrix function A(t) such that

d ., d
A1) # 242 A()

That is, the power rule is not true for matrix functions.
(b) What is the correct formula relating A%(¢) to A(t) and A’(t)?

14



Problem 28.13
Transform the following third-order equation

y" — 3ty + (sin2t)y = Te™"
into a first order system of the form
x'(t) = Ax(t) + b(t)

Problem 28.14
By introducing new variables 21 and x, write y” — 2y + 1 =t as a system of
two first order linear equations of the form x' + Ax = b

Problem 28.15
Write the differential equation y” + 4y’ + 4y = 0 as a first order system.

Problem 28.16
Write the differential equation y” + ky' + (t — 1)y = 0 as a first order system.

Problem 28.17
Change the following second-order equations to a first-order system.

y' =5y +ty =3t y(0)=0, y'(0)=1

Problem 28.18
Consider the following system of first-order linear equations.

Find the second-order linear differential equation that x satisfies.

The Determinant of a Matrix

The determinant of a matrix function is the same as the determinant with
constant entries. So we will introduce the definition of determinant of a ma-
trix with constant entries.

A permutation of the set S = {1,2,...,n} is an arrangement of the el-
ements of S in some order without omissions or repetitions. We write
o = (6(1)o(2)---o(n)). In terms of functions, a permutation is a one-to-
one function from S onto S.

15



Let S,, denote the set of all permutations on S. How many permutations are
there in 5,7 We have n positions to be filled by n numbers. For the first
position, there are n possibilities. For the second there are n — 1 possibilities,
etc. Thus, according to the multiplication rule of counting there are

nn—1)(n—2)...2.1 =n!

permutations.

Is there a way to list all the permutations of S,,? The answer is yes and one
can find the permutations by using a permutation tree which we describe
in the following example

Problem 28.19
List all the permutations of S = {1,2,3,4}.

An inversion is said to occur whenever a larger integer precedes a smaller
one. If the number of inversions is even (resp. odd) then the permutation is
said to be even (resp. odd). We define the sign of a permutation to be
a function sgn with domain S,, and range {—1,1} such that sgn(c) = —1
if o is odd and sgn(c) = +1 if o is even. For example, the permutation in
S¢ defined by o(1) = 3,0(2) = 6,0(3) = 4,0(5) = 2,0(6) = 1 is an even
permuatation since the inversions are (6,1),(6,3),(6,4),(6,5),(6,2),(3,2),(4,2),
and (5,2).

Let A be an n x n matrix. An elementary product from A is a product of
n entries from A, no two of which come from the same row or same column.

Problem 28.20
List all elementary products from the matrices

(a)
11 a2
a21 A2 ’

11 aiz2 A3
Q21 A22 A3
a31 az2 G33

16



Let A be an n x n matrix. Consider an elementary product of entries of
A. For the first factor, there are n possibilities for an entry from the first
row. Once selected, there are n — 1 possibilities for an entry from the second
row for the second factor. Continuing, we find that there are n! elementary
products. They are the products of the form ai,(1ya20(2) - . - Gno(n), where o is
a permutation of {1,2,...,n}, i.e. a member of S,,.

Let A be an n X n matrix. Then we define the determinant of A to be
the number

det(A) = Z 5GN(0)A16(1)020(2) - - - Ano(n)

where the sum is over all permutations o of {1,2,...,n}.

Problem 28.21
Find det(A) if
(a)

a1 a2
A= ,
a21 A2

11 daiz2 A3
A= Q21 A22 A3

(b)

a31 daz2 G33

The following theorem is of practical use. It provides a technique for evalu-
ating determinants by greatly reducing the labor involved.

Theorem 28.1

Let A be an n x n matrix.

(a) Let B be the matrix obtained from A by multiplying a row or a column
by a scalar ¢. Then det(B) = cdetA.

(b) Let B be the matrix obtained from A by interchanging two rows or two
columns of A. Then det(B) = —det(A).

(c) If A has two identical rows or columns then its determinant is zero.

(d) Let B be the matrix obtained from A by adding c¢ times a row (or a
column) to another row (column). Then det(B) = det(A).

(e) The determinant of the product of two n x n matrices is the product of
their determinant.

(g) If B is the matrix whose columns are the rows of A then det(B) = det(A).

17



The proof of this theorem can be found in any textbook in elementary linear
algebra.
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29 nth Order Linear Differential Equations:Existence
and Uniqueness

In the following three sections we carry the basic theory of second order linear
differential equations to nth order linear differential equation

Y™ ()Y ()Y + po(t)y = g(t)

where the functions pg, p1, -+, pp—1 and g(t) are continuous functions for
a<t<b.

If g(t) is not identically zero, then this equation is said to be nonhomoge-
neous; if g(t) is identically zero, then this equation is called homogeneous.

Existence and Uniqueness of Solutions
We begin by discussing the existence of a unique solution to the initial value
problem

Y™ 4 D 1 Yy e p ()Y po(t)y = g(t)

y(to) = Yo, ¥ (t0) = Yo, -+, y" D(ty) = y(()n_l), a<ty<b

The following theorem is a generalization to Theorems 3.2 and 15.1

Theorem 29.1
The nonhomogeneous nth order linear differential equation

Yy + i Oy Y+ i)Y+ po(t)y = g(t) (1)

with initial conditions

y(to) = yo, ¥ (t) =vs -+, ¥ V(o) =y a<to<b (2)

has a unique solution in a <t < b.

Proof.

Existence: The existence of a local solution is obtained here by transform-
ing the problem into a first order system. This is done by introducing the
variables

r =1y, $2:?/,7 Ty xn:y(n_l)'

19



In this case, we have

!
xn—l
!
Ty

X2
xs

T

—Pn-1(t)Tn — -+ p1(t) T2 — po(t)z1 + g(1)

Thus, we can write the problem as a system:

(] o -1 0
i) 0 0 —1
T3 | + : : :
0O 0 0
| Tn | | Po P11 P2
or in compact form
x'(t) =
where _
0 1
0 0
Alt)=1|
0 0
| ~Po —P1
T
X2
x(t)= 1| %3 |, b(t)

y Yo =

X1
X2
x3




is a solution to (3). Conversely, if the vector

a1
X2
x(t) =] ¥3

T

is a solution of (3) then 2}, = @, @/ = z3,--- 2" " = z,,. Hence, 2\ =

'r’,n = _pn71<t)xn - pn,2<t)23n,1 — _p0<t)$1 + g(t> or

4+ Dt Y 4 po 2"+ (B = g(t)

which means that x; is a solution to (1).
Next, we start by reformulating (3) as an equivalent integral equation. Inte-
gration of both sides of (3) yields

/x’(s)ds:/ [A(s)x(s) + b(s)]ds (4)

to to

(n
Ty

Applying the Fundamental Theorem of Calculus to the left side of (4) yields

x(t) = x(to) + / [A(s)x(s) + b(s)]ds (5)

to
Thus, a solution of (5) is also a solution to (3) and vice versa.

To prove the existence and uniqueness, we shall use again the method of
successive approximation as described in Theorem 8.1.

Letting
Yo
Yo
Yo = .
'
we can introduce Picard’s iterations defined recursively as follows:
yo(t) = . Yo
yi(t) = yo+ fto [A(s)yo(s) + b(s)]ds
y2(t) = yo+ [, [A(s)yi(s) + b(s)]ds

yu(t) = yo+ JLIA@S)YN-(s) + b(s)ds

21



Let

Y1,N
Y2,N
yn(t) = .
Yn,N
Fori=1,2,---  n, we are going to show that the sequence {y; n(t)} converges

uniformly to a function y;(¢) such that y(¢) (with components y;, ya, -+ - , yn)is
a solution to (5) and hence a solution to (3).
Let [c, d] be a closed interval containing tg and contained in (a, b). Then there

exist constants kg, ki, - - , k,—1 such that
max [po(t)| < ko, max Ipr(t)] < Ky, e , I0ax Pn1 ()] < kn1.

This implies that

[A()x()]] |2a| + Jws| + - + [zna + |pollea| + |paf[za] + -+ pnallzn]

< koley| + (L4 k)|za| + -+ (L + ko) |zn_1| + kno1]zn] < K||x]]

for all ¢ <t < d, where we define

¥l = [ya| + g2l + - =+ [nl

and where
K=k+Q+k)+- -+ Q+ky2)+ kp1.

It follows that for 1 <i<n

v —vino1l < llyy —ynvaall < S IJAGS) - (yv-1 — yn-2)llds
t
< K [, llyn-1—yn-2lds
But .
lyr=voll < [, [IA(s) - yo+b(s)||ds
< M(t — to)
where

M = Kllyoll + max |[b(o)
An easy induction yields that

(t _ to)N+1 < KN (b _ a)N—H.

22



Since

o _ _\N+1
> MKN% = M(b—a)(ef=9 —1)
N=0 )

by Weierstrass M-test we conclude that the series > N_[vin — Yin—1] con-
verges uniformly for all ¢ <t < d. But

=

yin(t) = Wi k1 (t) — v (t)] + yio

il

Thus, the sequence {y; y} converges uniformly to a function y;(¢) for all
c<t<d.

The function y;(t) is a continuous function (a uniform limit of a sequence
of continuous function is continuous). Also we can interchange the order of
taking limits and integration for such sequences. Therefore

y(t) = limy o0 YN (t)

yo + limy 00 fti (A(s)yn-1+b(s))ds
= yo+ fti limy o0 (A(S)yn—1 + b(s))ds
= Yo+ fti)(A(s)y +b(s))ds

This shows that y(t) is a solution to the integral equation (5) and therefore
a solution to (3).

Uniqueness:
The uniqueness follows from Gronwall Inequality (See Problem 8.11). Sup-

pose that y(t) and z(t) are two solutions to the initial value problem, it
follows that for all a < ¢ < b we have

|y () —2(t)]] < /t Klly(s) — 2(s)l|ds
Letting u(t) = ||y(t) — z(t)|| we have
u(t) < /t Ku(s)ds

so that by Gronwall’s inequality w(t) = 0 and therefore y(t) = z(¢) for all
a <t < b. This completes a proof of the theorem m
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Example 29.1
Find the largest interval where

(t2 — 16)y™ + 2y" + t*y = sect, y(3) =1, y'(3) =3, 3" (3) = -1
is guaranteed to have a unique solution.

Solution.
We first put it into standard form

2 vy t2 _ sect
2_16Y Tr2_16Y" P _16

The coefficient functions are continuous for all t # +4 and t # (2n + 1)7.
Since tg = 3, the largest interval where the given initial value problem is
guaranteed to have a unique solution is the ineterval 7 <t <4 m

24



Practice Problems
For Problems 29.1 - 29.3, use Theorem 29.1 to find the largest interval
a < t < bin which a unique solution is guaranteed to exist.

Problem 29.1

1
y" = gy I+ 1)y + (costly = 0, y(0) = 1, ¥'(0) =3, y"(0) = 0

Problem 29.2

1
y" + 1 1y/ + (tant)y =0, y(0) =0, ¥'(0) =1, 3"(0) =2

Problem 29.3

1
Y = gV (P 1y + (cost)y =0, y(0) = 1, (0) = 3, y"(0) = 0

Problem 29.4
Determine the value(s) of r so that y(¢) = €™ is a solution to the differential
equation

y/// _ 2y// _ y/+2y — O

Problem 29.5
Transform the following third-order equation

y" — 3ty + (sin2t)y = Te™
into a first order system of the form

x'(t) = Ax(t) + b(t)

25



30 The General Solution of nth Order Linear
Homogeneous Equations

In this section we consider the question of solving the homogeneous equation

Y 4o (Y (Y + o)y = 0 (6)

where po(t), p1(t), -+, pn—1(t) are continuous functions in the interval a <
t <b.

The next theorem shows that any linear combination of solutions to the
homogeneous equation is also a solution.

In what follows and for the simplicity of arguments we introduce the function
L defined by

Lyl = y™ + pusi Oy 4+ pi(8)y + po(t)y

Theorem 30.1 (Linearity)
If y; and yo are n times differentiable and a; and as are scalars then L
satisfies the property

Llonyy + agys] = ay Ly + aa L[y

Proof.
Indeed, we have
Liaiyn + aoys) = (aqyr + a2yz)(”) + pro1(t)(0ayr + Oézyz)(n_l) + -
+ po(t)(a1yr + azyo)
(Oélygn) + Oélpnfl(t)ygnil) + -+ aapi(t)yy + aapo(t)yr)
+ (aoys” + agpu i (s + - o () + aopo(t)ye)
on (" + paca (" + -+ )Y + (D)
+ oy paca(ys ™ - Pty + pol(t)ye)

_ oy L{yr] + o Lly] m

The above property applies for any number of functions.
An important consequence of this theorem is the following result.

Corollary 30.1 (Principle of Superposition)
If y1, yo, -+ ,y, satisfy the homogeneous equation (6) and if ay, g, -+, .
are any numbers, then

y(t) = cqyr + agye + - - + oy,

also satisfies the homogeneous equation (6).
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Proof.
Since y1, Y2, -, Yr are solutions to (6), L{y1] = Llya] = - -
Now, using the linearity property of L we have

= Lly,| = 0.

a1 L{y1] + aoLlys] + -+ - + o, L{y, ]
— 0+0+---+0=0m

Lloqys + coya + -+ + ]

The principle of superposition states that if y;, y9,---, ¥, are solutions to
(6) then any linear combination is also a solution. The next question that we
consider is the question of existence of n solutions yy, ys, - - - , y, of equation
(6) such that every solution to (6) can be written as a linear combination
of these functions. We call such a set a functions a fundamental set of
solutions. Note that the number of solutions comprising a fundamental set
is equal to the order of the differential equation. Also, note that the general
solution to (6) is then given by

y(t) = c1pn(t) + caya(t) + - - - + cayn(t).

Next, we consider a criterion for testing n solutions for a fundamental set.
For that we first introduce the following definition:

For n functions vy, vy, - , Yy, We define the Wronskian of these functions
to be the determinant

0 ) ual)
B i) (1)
W) =| v () Yn(t)
ORI TR T

Theorem 30.2 (Criterion for identifying fundamental sets)

Let y1(t),y2(t), -+ ,yn(t) be n solutions to the homogeneous equation (6).
If there is a a < to < b such that W(ty) # 0 then {yi,y2, -+, yn} is a
fundamental set of solutions.

Proof.
We need to show that if y(¢) is a solution to (6) then we can write y(t) as a
linear combination of y, ya(t), -+, yn(t). That is

y(t) = a1 (t) + caya(t) + -+ + cun.
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So the problem reduces to finding the constants ¢y, ¢o,---, ¢,. These are
found by solving the following linear system of n equations in the unknowns
C1,C2y ", Cpl

ey (to) + caya(to) + - - + cayn(to) = y(to)
a1y (to) + cays(to) + - -+ + cayy, (to)

<
<
—
~
=)
SN—

gt V) + e V(@) eV =y (k)

Solving this system using Cramer’s rule we find

Wi(to) .
G = 7 (fo) i<n
where

y1(to) ylto) - ylo) - Yn(to)

y1(to) ys(to) - y'(to) - Yn(to)

Wito) = | ¥i(to) ys(to) - Y'(to) Yn(to)

w" Vo) ws" (k) ey (k)
That is, W;(to) is the determinant of W with the ith column being replaced
by the right-hand column of the above system. Note that ¢y, co,- -+ , ¢, exist

since W(tg) 20 m
As a first application to this result, we establish the existence of fundamental
sets

Theorem 30.3
The linear homogeneous differential equation

Y™+ o (Y™ 4 pi ()Y + po(t)y =0

where p,—1(t), -+ ,p1(t),po(t) are continuous functions in @ < t < b has a
fundamental set {y1, v, -, Yn}-

Proof.
Pick a ty in the interval a < t < b and consider the n initial value problems

Y41 (YT pi ()Y Hpo(t)y = 0, y(to) = 1,y (to) =0, ¥ (to) = 0,- -,y " V(te) =0
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Y41 (YT pi ()Y po(t)y = 0, y(to) = 0,y (to) = 1, ¥ (to) = 0,- -,y "V (te) =0
Y™ 4,1 (YT Ay ()Y Fpo(t)y = 0, y(to) = 0,4/ (to) =0, ¥ (to) = 1,--- ,y " V(tg) =0

Y tpn 1 (YT 1 ()Y +po(t)y = 0, y(to) = 0,9/ (to) = 0, ¥ (to) =0, ,y" (L) = 1

Then by Theorem 27.1, we can find unique solutions {y1,ys,- - ,y,}. This
set is a fundamental set by the previous theorem since

100 - 0
010 -0
W) =|. . . . |=1#0nm

000 -1
Theorem 30.2 says that if one can find a < ty < b such that W(ty) # 0
then the set {y1,y2, - ,yn} is a fundamental set of solutions. The following
theorem shows that the condition W (ty) # 0 implies that W (¢) # 0 for all

t in the interval (a,b). That is, the theorem tells us that we can choose our
test point ty on the basis of convenience-any test point ¢y will do.

Theorem 30.4 (Abel’s)

Let y1(t), y2(t), - -+ , yn be n solutions to equation (6). Then

(1) W (t) satisfies the differential equation W’(t) + p,_1(t)W (t) = 0;
(2) If to is any point in (a,b) then

W (t) = W(to)e oPr1 )
Thus, if W (ty) # 0 then W(t) # 0 for all a <t < b.

Proof.
(1) By introducing the variables x1 = y, 2o = ¥/, 23 = y",--+ , 2, = y" Y
we can write the differential equation as a first order system in the form

x'(t) = A(t)x(t)

where
0 1 o o0 - 0] [ 2 |
o o 1 0 --- 0 T
Alt)=| : : S SLx(E)=] T8
0O 0 0 0 1 :
| ~Po —P1 —P2 —P3 - TPn-1 | | Tn |




We will show in Section 33 that for any linear system of the form

we have
W/(t) = (CL11 + a9 + -+ ann)W(t)
In our case
ay; + agy + - 4 app = —pp_1(t)
so that
W/(t) + pur (W (E) = 0

(2) The previous differential equation can be solved by the method of inte-
grating factor to obtain

W(t) = Witg)e FoP % g

Example 30.1
Use the Abel’s formula to find the Wronskian of the DE: ty” + 2y” — 3y +
e’y =0
Solution.
The original equation can be written as

2 v

y/// _|_ _y// _ 2(:le + e_y — 0

t t

By Abel’s formula the Wronskian is

W(t) = Ce i = ¢

t2.

Example 30.2
Consider the linear system

where

@11 Q12
A =
Q21 A22

Show that for any two solutions Y; and Y5 we have

W/(t) = (CLH + (lzg)W(t).
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Solution.
Suppose that

|l wm | U
=[] n-l]

are solutions to the given system. Then we have

Uy U1
W'(t) = %
U2 Vg
_|uw v up v
Uz Vp uhy
But
!/ /
Uy vy | | anup + aipz  a;nvi o+ ajls W
- =anW(t)
U2 V2 U2 Uy
and
up V1 Uy U1
/ N = CLQQW(t)
Uy Uy (21U + Q22U G21V1 + Q2202

It follows that
W/(t> = (GH + &22)W(f) |

We end this section by showing that the converse of Theorem 30.2 is also
true.

Theorem 30.5
If {y1,92, - ,yn} is a fundamental set of solutions to

Y 4+ D By + ()Y + po(t)y =0

where p,_1(t), -+ ,p1(t),po(t) are continuous functions in @ < t < b then
W(t) #0 foralla <t <b.

Proof.
Let to be any point in (a, b). By Theorem 27.1, there is a unique solution y(t)
to the initial value problem

Y™ p 1 (Y4 A (DY o)y = 0, y(to) = 1, ¥/ (to) = 0, -+ ,y" V() =0
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Since {y1,%2, - ,Yn} is a fundamental set, there exist unique constants
C1,Ca, -+ ,Cp such that

an(t) +camlt) o et = ylt)
ay(t) +eath(t) - eth(t) = Y1)
V) eV - ey = YD)

for all a < ¢t < b. In particular for ¢ = t; we obtain the system

1y (t) + caya(t) e ea(t) =1
ayi(t) +ay(t) - ) =0
" (1) +ews” V@) e (1) = 0
This system has a unique solution (cy,cs, -+, ¢,) where
Wi
C; =
W (to)

and W; is the determinant W with the ith column replaced by the column

1
0
0

0

Note that for ¢;,co, -+, ¢, to exist we must have W (tg) # 0. By Abel’s
theorem we conclude that W(t) #0 foralla <t <bm
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Practice Problems

In Problems 30.1 - 30.3, show that the given solutions form a fundamen-
tal set for the differential equation by computing the Wronskian.

Problem 30.1

' —y =0, 1(t) =1, yat) =€, y3(t) = e

Problem 30.2

y D+ =0, yi(t) =1, ya(t) = t, ys(t) = cost, ya(t) = sint

Problem 30.3
t2y/// + ty” — y/ —= 07 yl(t) — 1, yQ(t) - lntu y3<t> - t2

Use the fact that the solutions given in Problems 30.1 - 30.3 for a fundamental
set of solutions to solve the following initial value problems.

Problem 30.4

Problem 30.5

y(4) +y// — 07 y(%) =9 +7T, y/<%) — 3’ y//(g) — _3’ Z///(g) = 1.

Problem 30.6

Ly +ty —y =0, y(1) =1, y(1) =2, y'(1) = —6
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Problem 30.7
In each question below, show that the Wronskian determinant W (¢) behaves
as predicted by Abel’s Theorem. That is, for the given value of ¢y, show that

W(t) = W(ty)e™ ftto pr—1(s)ds

(a) W(t) found in Problem 30.1 and ¢, = —1.
(b) W(t) found in Problem 30.2 and ¢, = 1.
(c¢) W(t) found in Problem 30.3 and ¢y, = 2.

Problem 30.8
Determine W (t) for the differential equation ¢y + (sint)y” + (cost)y’ +2y = 0
such that W (1) = 0.

Problem 30.9
Determine W (t) for the differential equation 3y"” — 2y = 0 such that W (1) =
3.

Problem 30.10
Consider the initial value problem

y"'—y =0, y(0) =, ¥(0) =3, y"(0) =4.
t

The general solution of the differential equation is y(t) = ¢; + cz€! + cze™".
(a) For what values of o and § will limy_,o, y(t) = 07

(b) For what values o and 8 will the solution y(¢) be bounded for ¢ > 0, i.e.,
ly(t)] < M for all t > 0 and for some M > 07 Will any values of o and /3
produce a solution y(t) that is bounded for all real number ¢?

Problem 30.11

Consider the differential equation y"” + po(t)y” + p1(t)y’ = 0 on the interval
—1 <t < 1. Suppose it is known that the coefficient functions po(t) and p; (t)
are both continuous on —1 < ¢ < 1. Is it possible that y(t) = ¢; + cot? + c3t?
is the general solution for some functions p;(¢) and ps(t) continuous on —1 <
t<1?

(a) Answer this question by considering only the Wronskian of the functions
1,#2,t* on the given interval.

(b) Explicitly determine functions p;(¢) and py(t) such that y(t) = c; +cot? +
cst? is the general solution of the differential equation. Use this information,
in turn, to provide an alternative answer to the question.
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Problem 30.12
(a) Find the general solution to y"” = 0.

(b) Using the general solution in part (a), construct a fundamental set
{y1(t), y2(t), ys3(t)} satisfying the following conditions

n() =1, ¥ (1) =0, y/(1)=0.
y2(1) =0, yi(1) =1, ¢{(1)=0.
yi(1) =0, (1) =0, y(1)=1
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31 Fundamental Sets and Linear Independence

In Section 30 we established the existence of fundamental sets. There re-
main two questions that we would like to answer. The first one is about the
number of fundamental sets. That is how many fundamental sets are there.
It turns out that there are more than one. In this case, our second question
is about how these sets are related. In this section we turn our attention to
these questions.

We start this section by the following observation. Suppose that the Wron-
skian of n solutions {yi,ys, - ,y,} to the nth order linear homogeneous
differential equation is zero. In terms of linear algebra, this means that one
of the columns of W can be written as a linear combination of the remaining
columns. For the sake of argument, suppose that the last column is a linear
combination of the remaining columns:

Yn Y1 Y2 Yn—1
Yn i Ys Yn—1

. =C . + Co . + -+ Chot .
n—1 n—1 n—1 n—1
yv(l ) yg ) yé ) yv(m—l )

This implies that

yn(t) = Clyl(t) + C2y2<t) +oeee Cn—lyn—l(t)'

Such a relationship among functions merit a name:

We say that the functions fi, fo, -, f,, are linearly dependent on an
interval I if at least one of them can be expressed as a linear combination
of the others on I; equivalently, they are linearly dependent if there exist
constants cy, ¢, - - - , ¢, not all zero such that

ctfi(t) +cafa(t) + -+ cmf(t) =0 (7)

for all £ in I. A set of functions that is not linearly dependent is said to be
linearly independent. This means that a sum of the form (7) implies that
co=C=-+--=¢,=0.

Example 31.1
Show that the functions fi(t) = e!, fo(t) = e 2!, and f3(t) = 3e! — 2e2* are
linearly dependent on (—o0, 00).
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Solution.
Since f3(t) = 3f1(t) — 2fa(t), the given functions are linearly dependent on
(_007 OO) u

The concept of linear independence can be used to test a fundamental set of
solutions to the equation

Y™ 4 Oy 4 i)y + po(t)y =0 (8)
Theorem 31.1
The solution set {y1, 2, ,yn} is a fundamental set of solutions to

Y™+, ()Y ()Y + po(t)y =0

where p,_1(t),- -+ ,p1(t), po(t) are continuous functions in a < ¢ < b if and
only if the functions y;, s, -- ,y, are linearly independent.
Proof.

Suppose first that {y1,ys, -+ ,y,} is a fundamental set of solutions. Then by
Theorem 28.5 there is a < tg < b such that W(ty) # 0. Suppose that

cyi(t) + caya(t) + - + cuyn(t) =0

for all a < t < b. By repeated differentiation of the previous equation we find

1y (t) + cayo(t) + -+ + cayy, (1) = 0
1y (8) + cays () + - - + cay (1) = 0

eyt V@) ey VW) ey V) = 0

Thus, one finds ¢y, ¢, -+, ¢, by solving the system
ayi(to) + cayalto) + -+ - + caynlto) =0
a1y (o) + cay(to) + -+ - 4 cnln (fo) 0

a1y (to) + cays (to) + - - - + coyin (to) =0

g™V (to) + oV (to) + - + ey (ty) = 0

Solving this system using Cramer’s rule one finds

61202:"',Cn: :O



Thus, y1(t), y2(t),- -+, yn(t) are linearly independent.

Conversely, suppose that {y1,y2, -+ ,yn} is a linearly independent set. Sup-
pose that {y1,%a, - ,yn} is not a fundamental set of solutions. Then by
Theorem 30.2, W(t) = 0 for all a < t < b. Choose any a < ty < b. Then
W (ty) = 0. But this says that the matrix

y1(to) Ya(to) Yn(to)
v (to) Y5 (to) Yn(to)
n—l. n—l' : n—1 :
(o) u T (te) (ko)
is not invertible which means that there exist ¢;, co,--- , ¢, not all zero such
that
ey (to) + caua(to) + - - - + cayn(to) =0
a1y (to) + cays(to) + -+ - + ey, (to) =0

cryy (to) + cays (to) + -+ + cuy (to) =0

et o)+ e (to) + o e V(t0) = 0
Now, let y(t) = c1y1(t) +coya(t)+- - -+ cnyn(t) for all a < ¢ < b. Then y(¢) is a
solution to the differential equation and y(to) = 3/(tg) = - -- = y™ I (ty) = 0.
But the zero function also is a solution to the initial value problem. By
the existence and uniqueness theorem (i.e, Theorem 29.1) we must have

cyr(t) + coya(t) + - - - + cuyn(t) = 0 for all a < t < b with ¢;, ¢o,--+, ¢, not
all equal to 0. But this means that y;, v, - -+ ,y, are linearly depedent which
contradicts our assumption that vy, v, -+, ¥, are linearly independent m
Remark 31.1

The fact that {y1, o, - , yn} are solutions is very critical. That is, if y,ya, - - -
are merely differentiable functions then it is possible for them to be linearly
independent and yet have a vanishing Wronskian. See Section 17.

Next, we will show how to generate new fundamental sets from a given one
and therefore establishing the fact that a linear homogeneous differential
equation has many fundamental sets of solutions. We also show how different
fundamental sets are related to each other. For this, let us start with a funda-
mental set {y1,ys, -+ ,yn} of solutions to (8). If {7,,7,, - ,7,} are n solu-
tions then they can be written as linear combinations of the {y1, v, -, yn}.
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That is,
a11Y1 + a21Y2 + - - - + An1Yn
A12Y1 + A22Yo + -+ -+ ApolYn =

a1nY1 + A2nY2 + -+ AnnYn =
or in matrix form as
al
_ _ _ 21
(0 T o U=l w2 o un ]| ]

Qn1

Theorem 31.2

{Y9,,7y, -, 7, is a fundamental set if and only if det(A) # 0 where A is

the coefficient matrix of the above matrix equation.

Proof.
By differentiating (n-1) times the system

a11Y1 + a21Y2 + - - - + An1Yn
a12y1 + QYo + -+ - + ApolYn =

a1pY1 + GopYo + -+ - + ApplYn =

one can easily check that

Y1 Yo Yn Y1 Y2
7 o 0 Up 1" Yh
—(n—1 —_(n—1 —_(n—1 —1 —1
g gy gy T

By taking the determinant of both sides and using the fact that the deter-

Ui
Ya
Yn
Q12 Aa13
Q22 A23
An2  An3

Yn
Yn

n.— 1
yi Y

anl

A1n
Q2n,

an2

minant of a product is the product of determinants then we can write

W(t) = det(A)W(t)

Since W (t) # 0, W(t) # 0 (i.e., {U;,Ya, - , ¥y, } is a fundamental set) if and

only if det(A) #0 m
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Example 31.2
The set {y1(t),y2(t),y3(t)} = {1,€,e "} is fundamental set of solutions to
the differential equation

y/// _ yl — O
(a) Show that {7, (), 75(t),75(t)} = {cosht,1—sinht,2+sinht} is a solution
set.
(b) Determine the coefficient matrix A described in the previous theorem.

(c) Determine whether this set is a fundamental set by calculating the deter-
minant of the matrix A.

Solution.
(a) Since ¥y = sinht, 7} = cosht, and 7}’(t) = sinh ¢ we have 7}" — 7} = 0 so
that 7, is a solution. A similar argument holds for 7, and ;.
(a) Since 7y () =0-1+ 1. e+ 1.7 go(t) =1-1—L1et+ 1.7, yy(t) =
2-14 3 e — 34" we have
0 1 2
1/2 —1/2 1/2
12 1/2 —1/2

A

(c) One can easily find that det(A) = 2 # 0 so that {y,(t),7,(t),75(t)} is a
fundemantal set of solutions m
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Practice Problems

Problem 31.1
Determine if the following functions are linearly independent

yi(t) = €*, yot) =sin (3t), ys(t) = cost

Problem 31.2
Determine whether the three functions : f(t) = 2, g(t) = sin®¢t, h(t) = cos? t,
are linearly dependent or independent on —oco < ¢ < 00

Problem 31.3
Determine whether the functions, y;(t) = 1;y2(t) = 1 + t;y3(t) = 1 + ¢ + t%
are linearly dependent or independent. Show your work.

Problem 31.4

Consider the set of functions {y;(t), y2(t), y3(¢)} = {t*+2t,at +1,t+a}. For
what value(s) « is the given set linearly depedent on the interval —oo < ¢ <
00?

Problem 31.5

Determine whether the set {y;(¢), y2(t), y3(t)} = {t|[t| +1,t* — 1, ¢} is linearly
independent or linearly dependent on the given interval

(a) 0 <t < oo.

(b) —oo <t <0.

(c) —o0 <t < o0.

In Problems 31.6 - 31.7, for each differential equation, the corresponding set
of functions {y1(t), y2(t),y3(t)} is a fundamental set of solutions.

(a) Determine whether the given set {7, (t),75(t),75(t)} is a solution set to
the differential equation.

(b) If {7,(t),75(t),75(t)} is a solution set then find the coefficient matrix A
such that

Y a;n a2 13 (7
Yo | = | a21 a2 a3 ()
Ys agy Ay as33 Y3

(c) If {7,(t),75(t),75(t)} is a solution set, determine whether it is a funda-
mental set by calculating the determinant of A.
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Problem 31.6

y/// + y// =0
{yl(t)> y2(t)7 y3<t)} = {L t> e_t}
{yl(t)agQ(t>7y3(t)} = {1 - 2t>t + 27 e_(t+2)}

Problem 31.7

t2y/// + ny” . y/ — O,t >0
{yl (t)7 Y2 (t>7 Ys (t)} = {tv hlt? t2}
{7:(),7:(), Us(1)} = {2¢* = 1,3, In ()}

42



32 Higher Order Homogeneous Linear Equa-
tions with Constant Coefficients

In this section we investigate how to solve the nth order linear homogeneous
equation with constant coefficients

Y™ @y Y e ay +ag =0 9)
The general solution is given by

y(t) = c1y1 + Yo + -+ - + Cun

where {y1,92, -+ ,yn} is a fundamental set of solutions.

What was done for second-order, linear homogeneous equations with constant
coefficients holds, with the obvious modifications, for higher order analogs.
As for the second order case, we seek solutions of the form y(t) = e, where
7 is a constant (real or complex-valued) to be found. Inserting into (9) we
find

(r" + ap_r™ - agr Fag)e™ =0

We call P(r) = 1"+ a,_1m™" '+ -a;r +qy the characteristic polynomial
and the equation

r" an_lTn_l + a1 t+ag = 0 (1())

the characteristic equation. Thus, for y(t) = €™ to be a solution to (9) r
must satisfy (11).

Example 32.1
Solve: vy —4y" +y + 6y =0

Solution.
The characteristic equation is

=4’ +r+6=0

We can factor to find the roots of the equation. A calculator can efficiently
do this, or you can use the rational root theorem to get

(r+1)(r—2)(r—3)=0
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Thus, the roots are
r=—-1, r=2, r=3

The Wronskian
t 2t 3t

e e e
—et 2e? 3ed | =12eM £ 0
et 4e2t gedt

t €3} is a fundamental set of solutions and the general solution

Hence, {e 7, €?
is

y=cre "+ e 4+ c3edt m
In the previous example, the characteristic solution had three distinct roots
and the corresponding set of solutions formed a fundamental set. This is
always true according to the following theorem.

Theorem 32.1
Assume that the characteristic equation

"y a4+ ag =0

has n distinct roots ry,rg, -+ - , 1, (real valued or complex valued). Then the
set of solutions {e™* e2! ... ™'} is a fundamental set of solution to the
equation

vy +a, 1y 4ty +ag =0

Proof.
For a fixed number ¢y we consider the Wronskian
€T1t0 ergto ernto
rie’tto roe"2t rye" o
W (to) = r2erito raeto ... plemto
r?*l‘ento 7agflergto L. r;z—l‘ernto

Now, in linear algebra one proves that if a row or a column of a matrix
is multiplied by a constant then the determinant of the new matrix is the
determinant of the old matrix multiplied by that constant. It follows that

7"‘1 /”'2 PR rn
2 2 2
W(t) — 6r1toer2t0 . ernto 711 7~2 e Tn
n—1 n—1 n—1
rl 7,2 7’n
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The resulting determinant above is the well-known Vandermonde deter-
minant. Its value is the product of all factors of the form r; — r; where
J > 1. Since r; # r; for ¢ # j, this determinant is not zero and consequently
W (tg) # 0. This establishes that {e™?, e ... e’} is a fundamental set of
solutions m

Next, we consider characteristic equations whose roots are not all distinct.
For example, if «v is a real root that appears k times (in this case we say that
a is a root of multiplicity k), that is, P(r) = (r — a)kq(r), where g(a) # 0,
then the £ linearly independent solutions are given by

Cat, t€at, t2€o¢t’_” ’ tk—leat

The remaining n — k solutions needed to complete the fundamental set of
solutions are determined by examining the roots of ¢(r) = 0.
If, on the other hand, a £/ are conjugate complex roots each of multiplicity
k, that is

P(r) = (r —ri)"(r = 71)"p(r)
where 1 = a4+ and p(r1) # 0, p(71) # 0 then the 2k linearly independent
solutions are given by

e cos Bt, te* cosft, - -, tF e cos St

and
e sin At, te®tsin ft, - -, tF7 e sin Bt

Example 32.2
Find the solution to

y® +4y” =0, y(0)=2, y(0)=3, ¥"(0)=1, ¢y"(0)=—1, y(4)(0) =1

Solution.
We have the characteristic equation

4t =P’ +4) =0

Which has a root of multiplicity 3 at r = 0 and complex roots r = 2i and
r = —21. We use what we have learned about repeated roots and complex
roots to get the general solution. Since the multiplicity of the repeated root
is 3, we have

yl(t) =1, yQ(t) =1, y3(t) =

The complex roots give the other two solutions
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ya(t) = cos (2t) and y5(t) = sin (2t)
The general solution is
y(t) = c1 + cat + cat® + ¢y cos (2t) + ¢ sin (21)

Now Find the first four derivatives

y'(t) = co+ 2c3t — 2¢ysin (2t) + 2¢5 cos (2t)
y'(t) = 2¢3 — 4ey cos (2t) — 4es sin (2t)

) = 8¢y sin (2t) — 8¢ cos (2t)

t) = 16¢4 cos (2t) + 16¢5 sin (2t)

Next plug in the initial conditions to get

2 = 1+ ¢y
3 = co+2c5
1 = 203 — 404
-1 = 805

1 = 16¢4

Solving these equations we find
g =31/16, ¢ =23/4, ¢3=5/8, ¢, =1/16, c5=1/8

The solution is

31 23 5 1 1
t)=— + —t+ —t*+ —cos (2t) + = sin (2t
y(t) 15+4 —|—8 +16COS( )+8sm( )m
Solving the Equation y™ — ay = 0.
The characteristic equation corresponding to the differential equation y™ —
ay = 0is r"—a = 0. The fundamental theorem of algebra asserts the existence
of exactly n roots (real or complex-valued). To find these roots, we write a

in polar form a = |ale’™ where « = 0 if @ > 0 and @ = 7 is a < 0 (since
e'™ = cosm + isinT = —1). Also, since ¢?*™ = 1 for any integer k then we
can write

a = ’a‘e(aJerﬂ')i
Thus, the charactersitic equation is

rt = |a|e(o¢+2k’7r)i‘
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Taking the nth root of both sides we find

1 (a+2km)i

The n distinct roots are generated by taking £ = 0,1,2,--- ,n — 1. We
illustrate this in the next example.

Example 32.3
Find the general solution of y® + y = 0.

Solution.

In this case the characteristic equation is 7® +1 = 0 or 76 = —1 = /Zk+ 7,
(24 1)
1

Thus, r = €'~ 6  where k is an integer. Replacing k by 0,1,2,3,4,5 we find

— VB
o = 5 T3
r = 1

_ V3 | i
2= Tty

_ V3 i
s = T 72
Ty = —l

V3 _ i
s 2 T2

Thus, the general solution is

V3, t v, .t =3, t v, .t .
y(t) = c1e’2 * cos §+026 2 “sin §+036 2 " Ccos §+C4€ 2 "sin §+C5 cost+cgsint
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Practice Problems

Problem 32.1
Solve y/// + y// _ y/ —y=0

Problem 32.2
Find the general solution of 16y®* — 8y” 4+ y = 0.

Problem 32.3
Solve the following constant coefficient differential equation :

Problem 32.4
Solve y*) — 16y =0

Problem 32.5
Solve the initial-value problem

y" +3y" +3y +y =0, y(0) =0, y'(0) =1, y"(0) =0.

Problem 32.6
Given that r = 1 is a solution of 73 + 3r? — 4 = 0, find the general solution
to

y/// + 3y/l _ 4y — O

Problem 32.7
Given that y;(t) = e* is a solution to the homogeneous equation, find the
general solution to the differential equation

y///_2y//+y/_2y:()

Problem 32.8
Suppose that y(t) = ¢; cost + casint + c3 cos (2t) 4 ¢4 sin (2t) is the general
solution to the equation

y(4) + a3y/// + a2y// + aly' + agy = 0

Find the constants ag, a,, as, and as.

48



Problem 32.9
Suppose that y(t) = ¢; + caot + 3 cos 3t + ¢4 sin 3t is the general solution to
the homogeneous equation

y W+ agy” + azy” + a1y’ + agy = 0
Determine the values of ag, a1, as, and as.
Problem 32.10
Suppose that y(t) = cie " sint+coe " cost+cze’ sint+cyef cost is the general
solution to the homogeneous equation

y(4) + a3y/// + a2y// + aly' + agy = 0
Determine the values of ag, a1, as, and as.
Problem 32.11
Consider the homogeneous equation with constant coefficients

Y™+ a, 1y 4 b ay Fag =0

Suppose that y;1(t) = ¢, ya(t) = €', y3(t) = cost are several functions belong-
ing to a fundamental set of solutions to this equation. What is the smallest
value for n for which the given functions can belong to such a fundamental
set? What is the fundamemtal set?

Problem 32.12
Consider the homogeneous equation with constant coefficients

vy +a, g™+t ay +ap =0

Suppose that y;(t) = t?sint, y,(t) = e'sint are several functions belonging
to a fundamental set of solutions to this equation. What is the smallest value
for n for which the given functions can belong to such a fundamental set?
What is the fundamemtal set?

Problem 32.13
Consider the homogeneous equation with constant coefficients
Y™ 4+ ap iy b ay +ag =0

Suppose that y;(t) = t?, y2(t) = e* are several functions belonging to a
fundamental set of solutions to this equation. What is the smallest value for
n for which the given functions can belong to such a fundamental set? What
is the fundamemtal set?
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33 Non Homogeneous nth Order Linear Dif-
ferential Equations

We consider again the nth order linear nonhomogeneous equation

Y™ 4 P (YD o p ()Y po(t)y = g(t) (11)

where the functions pg, p1, -+, pn_1 and g(t) are continuous functions for
a<t<b.

The solution structure established for second order linear nonhomogeneous
equations applies as well in the nth order case.

Theorem 33.1
Let {y1(t),y2(t), - ,yn(t)} be a fundamental set of solutions to the homo-
geneous equation

Y™ 4+ D (WYY i ()Y + po(t)y =0

and y,(t) be a particular solution of the nonhomogeneous equation

Y™+ D (WYY i ()Y + polt)y = g(t).

The general solution of the nonhomogeneous equation is given by

y(t) = yp(t) + c1yi(t) + cay2(t) + - -+ + cayn(t)

Proof.
Let y(t) be any solution to equation (11). Since y,(¢) is also a solution, we
have

(=)™ + o1 () — yp) "+ ()Y — yp) + po(t)(y — yp) =
Y 4 Oy i ()Y +po )y — (U5 41 Oy - Apr By +po(t)yp) =

g(t) —g(t) =0

Therefore y—y, is a solution to the homogeneous equation. But {y1,va, -+ ,yn}
is a fundamental set of solutions to the homogeneous equation so that there
exist unique constants ¢, g, - - - , ¢, such that y(t) —y,(t) = c1y1(t) +caya(t)+
-+« + cuyn(t). Hence,

Y(t) = yp(t) + c1yi(t) + coya(t) + - + cayn(t) B
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Since the sum 91 (t) + caya(t) + - - - + cuyn(t) represents the general solution
to the homogeneous equation, we will denote it by ¥, so that the general
solution of (11) takes the form

y(t) = yn(t) + 4, ()

It follows from the above theorem that finding the general solution to non-
homogeneous equations consists of three steps:

1. Find the general solution y;, of the associated homogeneous equation.

2. Find a single solution y,, of the original equation.

3. Add together the solutions found in steps 1 and 2.

The superposition of solutions is valid only for homogeneous equations and
not true in general for nonhomogeneous equations. (Recall the case n = 2
in Section 22). However, we can have a property of superposition of nonho-
mogeneous if one is adding two solutions of two different nonhomogeneous
equations. More precisely, we have

Theorem 33.2

Let y1(t) be a solution of y™ + p, 1 (#)y" D + -+ pi(t)y' + po(t)y = g1(t)
and g(t) a solution of 5™ + p, (Y™ + - + pu(B)y + pol(t)y = gal).
Then for any constants ¢; and ¢y the function Y'(t) = ciy1(t) + coya(t) is a
solution of the equation

Y™+ Oy o pi ()Y F po(t)y = 191 (t) + caga(t)

Proof.
We have

LY] = a@” +paa®y" ™+ mi()y) + po(t)y)
n n—1
+ o + paa Wy 4 (D) + o))

c191(t) + cago(t) W

Next, we discuss methods for determining y,(¢). The techinque we discuss
first is known as the method of undetermined coefficients.

This method requires that we make an initial assumption about the form of
the particular solution y,(t), but with the coefficients left unspecified, thus
the name of the method. We then substitute the assumed expression into
equation (11) and attempt to determine the coefficients as to satisfy that
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equation.

The main advantage of this method is that it is straightforward to execute
once the assumption is made as to the form of y,(¢). Its major limitation is
that it is useful only for equations with constant coefficients and the nonho-
mogeneous term ¢(t) is restricted to a very small class of functions, namely
functions of the form e® P, () cos St or e P, (t) sin 8t where P,(t) is a poly-
nomial of degree n.

In the following table we list examples of g(t) along with the correspond-
ing form of the particular solution.

Form of g(t) Form of y, (%)
Po(t) = ant™ + an_1t" T+ Fag | t[A " + A 1tV At + A
P, (t)et tr[Ant™ + Ap 1t 4 Agt + Agle®t

P, (t)e* cos Bt or P,(t)e* sin Bt e [(Apt™ + Ap_1t" 1+ -+ Ayt + Ag) cos Bt
+(But™ 4+ By _1t" "t + -« + Byt + By) sin 3]

The number r is chosen to be the smallest nonnegative integer such that
no term in the assumed form is a solution of the homogeneous equation
Y™ 4 p, 1 () y e ()Y 4o (t)y = 0. The value of r will be 0 < r < n.
Equivalently, for the three cases, r is the number of times 0 is a root of the
characterstic equation, « is a root of the characteristic equation, and o + i3
is a root of the characteristic equation, respectively.

Example 33.1
Solve
y" +y" = cos (2t), y(0) =1, ¥'(0) =2, y"(0) =3

Solution.
We first solve the homogeneous differential equation

v +4y" =0
The characteristic equation is
=0
Factoring gives
r?(r+1)=0
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Solving we find » = 0 (repeated twice) and r = —1. The homogeneous
solution is
yn(t) = c1 4 cot + cze™!

The trial function generated by g(t) = cos (2t) is

y,(t) = Acos (2t) + Bsin (2t)

Then
y, = —2Acos(2t)+ 2Bsin (2t)
y, = —4Asin(2t) — 4B cos(2t)
yy = —8Acos(2t)+ 8Bsin (2t)

Plugging back into the original differential equation gives
[—8A cos (2t) + 8Bsin (2t)] + [—4Asin (2t) — 4B cos (2t)] = cos (2t)
Combining like terms gives
(—8A —4B)cos (2t) + (8B — 4A) sin (2t) = cos (2t)
Equating coefficients gives

—8A—-4B =1
—4A+8B = 0

Solving we find A = —0.1 and B = —0.05. The general solution is thus
y(t) = c1 + ot + cze” — 0.1 cos (2t) — 0.05sin (2¢)
Now take derivatives to get

Yy = co—cze”t 4+ 0.2sin (2t) — 0.1 cos (2t)
y' = cze7t+0.4cos(2t) + 0.2sin (2t)

Plug in the initial values to get

C1 —|— C3 — 11
Cy —C3 = 2.1
C3 = 2.6

Solving we find ¢; = —3.6, ¢o = 4.7, ¢3 = 2.6. The final solution is

y(t) = —3.6 + 4.7t +2.6e"" — 0.1 cos (2t) — 0.05sin (2t) m
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Finally, we discuss a second method for finding a particular solution to a
nonhomogeneous differential equation known as the method of variation
of parameters. This method has no prior conditions to be satisfied by
either p,_1(t), - ,p1(t), po(t), or g(t). Therefore, it may sound more general
than the method of undetermined coefficients.

The basic assumption underlying the method is that we know a fundamental
set of solutions {y1,¥y2, - ,yn}. The homogeneous solution is then

yn(t) = c1yr + caya + -+ +

Then the constants ¢y, ¢, - - - , ¢, are being replaced by functions uq, us, - - - , uy,
so that the particular solution assumes the form

Yp(t) = urys + uayo + - - - + Unyy (12)
We find wuq,us,- -+ ,u, by solving a system of n equations with the n un-
knowns wuq,us, - -+ ,u,. We obtain the system by first imposing the n — 1

constraints

yuy + youh + -+ ypu, = 0
yiuh +youy + - ypu, = 0
' (13)

y§n—2)u/1+yén—2)u/ +- +y(n 2) A

This choice of constraints is made to make the successive derivatives of y,(t)
have the following simple forms

y, = Yiur 4 Yo + -+ Yt
Y, = Yiuy + youg + - A Yoty
yz(:” R e ST
Substituting (12) into (11), using (13) and the fact that each of the functions
Y1,Y2,*+ ,Yn is a solution of the homogeneous equation we find
n—1 n—1 n—
" 4y ey, = g(t) (14)
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Take together, equations (13) and (14) form a set of n linear equations for
!

the n unknowns u/,u},--- , /. In matrix form that system takes the form
(7 Y2 o Un u) 0
" Yoot U uy || 0
n—1 n—1 n—1 . :
Y Y ] g
Solving this system we find
u, = Wi
T W g

where 1 < i < n,W is the Wronskian of {yi, 42, -+ ,y,} and W; is the
determinant obtained after replacing the ith column of W with the column
vector

0
0

It follows that

%@Zw/

Example 33.2
Solve

MM//lg))g(t)dthyg / Mmég))g(t)dwr---%—yn / O

"

y" 4y =sect

Solution.
We first find the homogeneous solution. The characteristic equation is

rP+r=0orr(r*+1)=0

so that the roots are r =0, r =14, r = —i.
We conclude
Z/h(t) =c; +cycost + cgsint

We have
Yp(t) = uy + ug cost + uzsint
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and the Wronskian is

1 cost sint
W(t)=1]0 —sint cost |[=1
0 —cost —sint
So
0 cost sint
Wi(t)=1]0 —sint cost |=1
1 —cost —sint
1 0 sint
Wi(t)=]10 0 cost |=—cost
0 1 —sint
1 cost 0
W3(t)=|0 —sint 0 |=—sint
0 —cost 1
Hence,
u(t) = [ MM/}((E))g(t)dt = [sectdt =In|sect + tant|
uy(t) = [ SeBe(tydt = [ —dt = —t
us(t) = i ng((tt))g t)dt = [ —52Ldt = In|cost|

Hence, the general solution is

y(t) = c1 + cacost + czsint + In|sect + tant| — tcost + In| cost|sint m
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Practice Problems

Problem 33.1
Consider the nonhomogeneous differential equation

3y + at*y” + bty +cy = g(t), t>0

Determine a, b, ¢, and ¢(t) if the general solution is given by y(t) = ¢t +
C2t2 + 03t4 +2Int

Problem 33.2
Consider the nonhomogeneous differential equation

v +ay" + b0y +cy=g(t), t>0

Determine a, b, ¢, and g(t) if the general solution is given by y(t) = ¢; + cot +
cse?! + 4sin 2t

Problem 33.3
Solve
yW 4+ 4y" = 16 + 15¢*

Problem 33.4
Solve: y* — 8y" + 16y = —64e>

Problem 33.5
Given that y;(t) = €?! is a solution to the homogeneous equation, find the
general solution to the differential equation,

y/// . 2y" + y’ — 2y = 12sin 2t

Problem 33.6
Find the general solution of the equation

y/// N 63/” + 12y/ - 83/ _ \/2_t€2t

Problem 33.7
(a) Verify that {t,#?,¢*} is a fundamental set of solutions of the differential
equation

tBy/// _ 4t2y" + 8ty' _ 8y =0

(b) Find the general solution of
B3y — At%y" + 8ty — 8y =2Vt, t>0
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Problem 33.8
(a) Verify that {t,#?,¢3} is a fundamental set of solutions of the differential
equation

3" — 3t%y" + 6ty — 6y = 0

(b) Find the general solution of by using the method of variation of param-
eters
t3y" — 3t*y) + 6ty —6y=t, t>0

Problem 33.9
Solve using the method of undetermined coefficients: 3" — 3’ = 4 + 2 cost

Problem 33.10
Solve using the method of undetermined coefficients: y"” — 1y = —4e'

Problem 33.11
Solve using the method of undetermined coefficients: y"” — " = 4e~%

Problem 33.12
Solve using the method of undetermined coefficients: 3" —3y"+3y'—y = 12¢.

Problem 33.13
Solve using the method of undetermined coefficients: y” + y = e’ + cost.

In Problems 33.14 and 33.15, answer the following two questions.

(a) Find the homogeneous general solution.

(b) Formulate an appropriate for for the particular solution suggested by the
method of undetermined coefficients. You need not evaluate the undeter-
mined coefficients.

Problem 33.14
y" — 3y + 3y —y = e' + 4e' cos 3t + 4

Problem 33.15
y™ + 8y" 4 16y = t cos 2t

Consider the nonhomogeneous differential equation
y" +ay” + by’ +cy = g(t)

In Problems 33.16 - 33.17, the general solution of the differential equation is
given, where ¢y, co, and c3 represent arbitrary constants. Use this information
to determine the constants a,b, ¢ and the function g(t).
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Problem 33.16
y(t) = c1 + cot + c3e® + 4sin 2t.

Problem 33.17
y(t) = c1 + cot + c3t? — 23

Problem 33.18
Consider the nonhomogeneous differential equation

3" + at*y” + bty +cy = g(t), t>0

Suppose that y(t) = ¢t + cot? + cst* + 2Int is the general solution to the
above equation. Determine the constants a, b, ¢ and the function g(t)

59



34 Existence and Uniqueness of Solution to
Initial Value First Order Linear Systems

In this section we study the following initial-value problem

vi = pul®)y +pi)ye + - 4+ pin(t)yn + 91 (1)
vy = pa(t)yr +paa(t)ys + -+ pon(t)yn + g2(t)

Y = D1ty + Pn2(t)y2 + -+ Pun(O)yn + gn(t)
yi(to) =y, nilte) =49, ynlto) =40, a<to<b

where all the p;;(t) and g;(t) functions are continuous in @ < ¢t < b. The
above system can be recast in matrix form as

y' () =P@)y(t) + ), y(to)=yo (15)
where
y1 (1) 91(t) yg
y(t) = yzz(t) Ce(t) = 925(75) vy = y:2
Yn(t) gn(t) Yy
and
pu(t) pia(t) -+ p(l)
P(t) — le:(t) p2(t) -+ pa(t)
pa1(t) Pr2(t) - Pan(l)

We refer to differential equation in (15) as a first order linear system. If
g(t) is the zero vector in a < t < b then we call

a first order homogeneous linear system. Otherwise, we call the system
a first order nonhomogengeous linear system.

Next we discuss the conditions required for (15) to have a unique solution.
In order to establish the next theorem we state an important result from
analysis.
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Theorem 34.1 (Weierstrass M-Test)
Assume {yn(t)}¥_; is a sequence of functions defined in an open interval
a <t < b. Suppose that {My}_; is a sequence of positive constants such
that

lyn (0] < My

for all a <t < b. If Y°%_, My is convergent then Y %, yn converges uni-
formly for all @ < t < b.

Theorem 34.2

If the components of the matrices P(t) and g(t) are continuous in an interval
a < t < b then the initial value problem (15) has a unique solution on the
entire interval a <t < b.

Proof.
We start by reformulating the matrix differential equation in (15) as an in-
tegral equation. Integration of both sides of (15) yields

/ y'(s)ds = / P(s)y(s) + g(s)]ds (16)

to to

Applying the Fundamental Theorem of Calculus to the left side of (16) yields

t

y(t)=vo+ [ PG)y(s) +g(s)ds (1)
to

Thus, a solution of (17) is also a solution to (15) and vice versa.

Existence: To prove the existence we shall use again the method of succes-

sive approximations as described in Theorem 8.1.

yo(t) = Yo
vilt) = yo+ Ji,[P(s)yo(s) + g&(s))ds
v2(t) = yo+ [ [P(s)yi(s) + &(s)lds

yu(t) = yo+ [LIP(s)ywoi(s) + a(s)lds
Write

Y1,N
Yo, N
yn(t) = .

Yn,N
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Fori=1,2,---  n, we are going to show that the sequence {y; n(t)} converges
uniformly to a function y;(¢) such that y(¢) (with components y1, ya, - - - , yn)is
a solution to (17) and hence a solution to (15).

Let [¢,d] be a closed interval containing ¢y, and contained in (a,b). Then by
continuity there exist positive constants k;;, 1 <¢,j < n, such that

max i (t)] < ki

This implies that

[|P(t)y ()]l | D5 Pyl 1 225 oyl + -+ 1 D0 Pyl

K'Y i il + K730yl + -+ K730 [yl = Kl

for all ¢ <t < d, where we define

IA

V1] = lya] + [gal + - - + [yn]

and where

KI = Zn:i:k”, KIHK/

i=1 j=1
It follows that for 1 <7 <n
vin —vin-1| < lyy —ynall = || ftZ[P(S)(YNﬂ — yn-2)ds]|
t
< Ji IP(8)(yn-1 — yn-2)llds
t
< Kfto lyn—1 — yn-2llds
But .
Iy = yoll < [, IIP(s)yo+g(s)||ds
< M(t —to)
where

M = K]Jyol| + max [g1(6) + max [ga(t)| + -+ max g (1)

c<t<d c<t<d

An easy induction yields that for 1 <i<n

(b=t _ (b= )]

; —ynl < — < MKV __~2 NS
i1 = yin| < llywver —ywll < (N+1)! (N + 1)
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Since

Z MEN (ZE]; i)l; _ %(ek'(b—a) —1)

by the Weierstrass M-test we conclude that the series Y X_o[yin — Yin—1]
converges uniformly for all ¢ <t < d. But

N-1
yin( Z Yik+1() — Yir ()] + Yio-
k=0

Thus, the sequence {y; y} converges uniformly to a function y;(¢) for all
c<t<d.

The function y;(¢) is a continuous function (a uniform limit of a sequence of
continuous functions is continuous). Also, we can interchange the order of
taking limits and integration for such sequences. Therefore

y(t) = th—m yn(t)
= yo+limy_e0 ft (s)yn-1+8(s))ds
= Yo+ th—>OO(P( Jyn_1+g(s))ds
= Yo+ Ji (P(s)y + g(s))ds

This shows that y(t) is a solution to the integral equation (17) and therefore
a solution to (15).

Uniqueness:
The uniqueness follows from Gronwall Inequality (See Problem 8.11). Sup-

pose that y(t) and z(t) are two solutions to the initial value problem, it
follows that for all @ < ¢ < b we have

Iy (t) = z(0)]] S/t Klly(s) — z(s)|lds

Letting u(t) = ||y (t) — z(t)|| we have

u(t) < /tt Ku(s)ds

so that by Gronwall’s inequality w(t) = 0 and therefore y(t) = z(¢) for all
a <t < b. This completes a proof of the theorem m
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Example 34.1
Consider the initial value problem

Yy, = tly+ (tant)ys, 31(3) =0
yy = (Infthy +e'ya, 32(3) =1

Determine the largest t-interval such that a unique solution is guaranteed to
exist,.

Solution.

The function pyy(t) = § is continuous for all ¢ # 0. The function py»(t) = tant
is continuous for all ¢ # (2n + 1)7 where n is an integer. The function
pa1(t) = In|¢| is continuous for all ¢ # 0. The function pas(t) = €’ is continuous
for all real numbers. All these functions can be continuous on the common
domain ¢ # 0 and ¢ # (2n+1)7. Since t, = 3, the largest t-interval for which

a unique solution is guaranteed to exist is § <t < 37” |
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Practice Problems

Problem 34.1
Consider the initial value problem

Y = yi+ (tant)ya + (t+1)72 11(0) =0
Yy = (t* — 2)y1 + 4yo, y2(0) =0

Determine the largest t-interval such that a unique solution is guaranteed to
exist.

Problem 34.2
Consider the initial value problem

(t+2)yy = 3tys +5y2, 1n(l)=0
(t - 2)315 = 2y + 4tys, 92(1) =2

Determine the largest t-interval such that a unique solution is guaranteed to
exist.

Problem 34.3
Verify that the functions y;(t) = cie’ cost+cae! sint and yo(t) = —cret sint+
co€el cost are solutions to the linear system

v = ity
Yo = —Y1+

Problem 34.4
Consider the first order linear system

vy = ity
Yo = —Y1+

(a) Rewrite the system in matrix form y’(t) = Ay(¢) and identify the matrix
A.
(b) Rewrite the solution to this system in the form y(¢) = c1y1(¢) + cay2(t).

Problem 34.5
Consider the initial value problem

y'(t) = Ay(t), y(0) =yo
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where

a=[i ] =]

(a) Verify that y(t) = ce™ [ 1 } + coet [ 5

order linear system.
(b) Determine ¢; and ¢y such that y(t) solves the given initial value problem.

} is a solution to the first

Problem 34.6
Rewrite the differential equation (cost)y” — 3ty ++/ty = >+ 1 in the matrix

form y(t) = P(t)y(t) + g(1).

Problem 34.7
Rewrite the differential equation 2y” + ty + €3t = y"” + (cost)y’ in the matrix

form y(t) = P(t)y(t) + g(t).

Problem 34.8
The initial value problem

y'(t) = { _03 HY“L { zcog(zt) } y(=1) = {‘”

was obtained from an initial value problem for a higher order differential
equation. What is the corresponding scalar initial value problem?

Problem 34.9
The initial value problem

Yo 0
0

/t — y3 , 1 —
0 v y=|
Yo + yzsinys + 3 2

was obtained from an initial value problem for a higher order differential
equation. What is the corresponding scalar initial value problem?

Problem 34.10
Consider the system of differential equations

y// — tZ/+y/+Z
2=y 4+ 2+ 2ty

66



Write the above system in the form
y =P(t)y +g(t)

where

<

—~
~+

~—

<
~
~—

~
S—

ST

~~
~—

Identify P(t) and g(t).

Problem 34.11
Consider the system of differential equations

y” Ty 4+ 4y — 8z 4+ 62 + 2
2" = 52 4+2z2—6y + 3y —sint

Write the above system in the form
y' =P(t)y + (1)

where

<

—~
~

SN—

<
~
~—

~
SN—

IS RN

y(t) = g
(

~
N—

Identify P(t) and g(t).
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35 Homogeneous First Order Linear Systems

In this section we consider the following system of n homogeneous linear dif-
ferential equations known as the first order homogeneous linear system.

v = pu®)y +pet)ye + -+ pra(t)yn
vy = pa(O)yr + pa2(®)y2 + - -+ + pon(t)yn

where the coefficient functions are all continuous in a < t < b. The above
system can be recast in matrix form as

y'(t) =P(t)y(t) (18)
where
y1(t) pu(t) pu() - pu(t)
y(t) = y2:(t) P = lez(t) p2a(t) -+ pan(l)
(1) put) puslt) - punll)

Example 35.1
(a) Rewrite the given system of linear homogeneous differential equations as
a homogeneous linear system of the form y'(t) = P(t)y.

v = Yo + U3
vy = —6y1—3y2+ys
ys = —8y1 — 2ys +4ys

(b) Verify that the vector function

y(t)=| —¢

is a solution of y'(t) = P(t)y.

Solution.

(a)



(b) We have

e
y =] —¢
2¢et
and
0 1 1 et et
Pit)ly=| -6 -3 1 | =] - | =yn
-8 -2 4 2¢! 2¢e!

Our first result shows that any linear combinations of solutions to (18) is
again a solution.

Theorem 35.1
If y1,y2, -,y are solutions to (18) then for any constants ¢, g, - - - , ¢, the
function y = c1y1 + c2ys2 + - - - + ¢y, is also a solution.

Proof.
Differentiating we find

y'(t) = (y1 +eya + -+ ey,
- ay)+oyy + -+ ey,
=  oP{)y1 + Pty + -+ Py,
= Pt)(ayi+cy:+--+cy,) =Pt)yn

Next, we pose the following question: Are there solutions {y1,¥y2, - ,¥n}
such that every solution to (18) can be written as a linear combination of
Y1,¥2,"* ,¥n. We call such a set of functions a fundamental set of solu-
tions. With such a set, the general solution is

Yy=cay1tc&ys+ -+ Cyn

Our next question is to find a criterion for testing n solutions to (18) for a
fundamental set. For this purpose, writing the components of the vectors

Yi,Y2, 5 ¥Yn

y11(t) Y1,2(1) Y1.n(t)
Yo,1(t) Yo,2(1) Yon(t)
Y1 (t) = . ) Y2(t) = : y T 7YTL(t) = : )
yn,l yn,Q yn,n
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we define the matrix W(¢) whose columns are the vectors y1,ys, -+ ,y,. That
is,

Y11 Y12 0 Yin

Y21 Y22 " Yon
wt)=| "

yn,l yn,Q T yn,n

We call ¥(t) a solution matrix of y' = P(t)y. In this case, ¥(¢) is a
solution to the matrix equation W'(¢) = P(¢)W¥(¢). Indeed,

v'(t) = yi(t) yo(t) - v (1)]
Z[W)()PUWU'~P®%W]
= P(0)[y1(t) y2(t) - yn(t)]
= P(t)¥(t)

We define the Wronskian of y;,ys, -+, ¥y, to be the determinant of ¥; that
is
W(t) = det(¥(t)).
The following theorem provides a condition for the solution vectors y1,ys, -+ ,yn
to form a fundamental set of solutions.

Theorem 35.2

Let {y1,y2, -+ ,yn} be a set of n solutions to (18). If there is a < tp < b
such that W (ty) # 0 then the set {yi,y2, - ,yn} forms a fundamental set
of solutions.

Solution.
Let u(t) be any solution to (18). Can we find constants ¢y, g, - , ¢, such
that

u(t) = ayr +cy2+ - + ey’

A simple matrix algebra we see that

Y11 Y12 0 Yin C1
Y21 Y22 Y2n Co
ayrt+ eyt ey, = W)= |
Yn1l Yn2 *°° Ynn Cn
= Y(t)c
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where
8]
C

Cn

Thus,
u(t) =¥(t)c, a<t<b.

In particular,
U(to) = ‘I’(to)c

Since W (ty) = det(¥(ty)) # 0, the matrix W(t) is invertible and as a result
of this we find
C = \I’_l(to)u(to) |

When the columns of ¥t) form a fundamental set of solutions of y'(t) =
P(t)y(t) then we call ¥(¢) a fundamental matrix.

Example 35.2

(a) Verify the given functions are solutions of the homogeneous linear system.
(b) Compute the Wronskian of the solution set. On the basis of this calcu-
lation can you assert that the set of solutions forms a fundamental set?

(c) If the given solutions are shown in part(b) to form a fundamental set,
state the general solution of the linear homogeneous system. Express the
general solution as the product y(¢) = ¥(t)c, where ¥(t) is a square matrix
whose columns are the solutions forming the fundamental set and c is a col-
umn vector of arbitrary constants.

(d) If the solutions are shown in part (b) to form a fundamental set, impose
the given initial condition and find the unique solution of the initial value
problem.

-21 =10 2 3 5et
y/ = 22 11 —2 Y7y(0) = —10 7y1(t) = —11é! ) yQ(t) =
—110 =50 11 —16 0

y3(t) =
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Solution.

(a) We have
5et
yy = | —1lé
0
and
—-21 —10 2 et 5e'
22 11 =2 —11e' | = | —11e' | =y]
—110 =50 11 0 0
Similarly,
o
yo=| 0
11ét
and
—-21 —10 2 et et
22 11 -2 0 |=| 0o |=v,
—110 =50 11 11et 11et
—et
ys=| €'
—bet
and
-21 —10 2 et —et
22 11 =2 —et |l = et =y
—110 =50 11 Set —5et
(b) The Wronskian is given by
5e’ et et
Wt)=| —1let 0 —et|=-11¢
0 1le! 5e !

Since W (t) # 0, the set {y1,¥y2,y3} forms a fundamental set of solutions.
(c) The general solution is
et et et c1
y(t) = coy1 + coys +csys = | —1le? 0 —e! C2
0 11e! 5e™t 3
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(d) We have

5 1 1 1 3
-1 0 -1 co | =1 —10
0 11 5 3 —16
Solving this system using Cramer’s rule we find ¢; =1, ¢ = —1, ¢35 = —1.

Therefore the solution to the initial value problem is

5et et et 4et — et
y)=1| -1le" | = | 0 | —| -t | =] —1lef+e? | n
0 11e! 5e~t —11et — et

The final result of this section is Abel’s theorem which states that the Wron-
skian of a set of solutions either vanishes nowhere or it vanishes everywhere
on the interval a <t < b.

Theorem 35.3 (Abel’s)
Let {y1(t),y2, -+ ,¥a(t)(t)} be a set of solutions to (18) and let W(t) be the
Wronskian of these solutions. Then W(t) satisfies the differential equation

W'(t) = tr(P(t))W(t)

where
tr(P(t)) = pui(t) + paa(t) + - - + pun(t).
Moreover, if a <ty < b then

W(t) = W(to)effto tr(P(s))ds

Proof.
Since {y1,y2," -+ ,¥n} is a set of n solutions to (18), we have
Y= Dty 1<ij<n 19)
k=1

Using the definition of determinant we can write

W(t) = Z $gn(0)Y1,0(1)Y2,0(2) * * * Yn,o(n)
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where the sum is taken over all one-to-one functions o from the set {1,2,--- ,n}
to itself. Taking the derivative of both sides and using the product rule we
find

W/(t) = (Zo‘ Sgn(a)yl,a(l)y2,0(2) e yn,a'(n))/

= >0 SGUONYL (1) Y2.0(2) * * Ynio(n) T Do SIUT)Y1L0(1) Yo 0(2) * * * Yno(n)

o Y sgn (O Y2e(2) Y

yh yi,z T ?J&,n Y1 Y12 0 Uin Y11 Y12
Y21 Y22 0 Y2, Y Y S Y Y21 Y22
_ ‘ n n 2.,1 2,2 2.n T .
yn,l yn,2 Tt yn,n yn,l yn,Z e yn,n y;”L,l y1l1,2
But
yi,l y/172 T yll,n ZZzl P1kYk1 Zzzl PikYk2 - Zzzl P1kYen
Y21 Y22 -0 Yzm | Y21 Y22 T Yan
Yn1l Yn2 - Unn Yn,1 Yn,2 e Yn,n

We evaluate the determinant of the right-side using elementary row opera-
tions (See Theorem 26.1). We multiply the second row by pio, the third by
P13, and so on, add these n — 1 rows and then subtract the result from the
first row. The resulting determinant is

91,1 ?/1,2 T yi,n Puiyir PuYi2 o Puilin
Y21 Y22 " Yan Y21 Y22 T Yo.n

) = ) = puW(t)
yn,l yn,2 e yn,n Yn,1 Yn,2 o yn,n

Proceeding similarly with the other determinants we obtain

W'(t) = puW(t) +paW(t) + -+ puW(t)
= (pll + pog+ -+ pnn)W<t)
= tr(P()W(t)

This is a first-order scalar equation for W(t), whose solution can be found
by the method of integrating factor

W(t) _ W(t(])efti) tr(P(s))ds.
It follows that either W (t) = 0foralla <t <bor W(t) #0foralla <t <bm

74

Yin
yQ,n

/
yn,n



Example 35.3

(a) Compute the Wronskian of the solution set and verify the set is a funda-
mental set of solutions.

(b) Compute the trace of the coefficient matrix.

(c) Verify Abel’s theorem by showing that, for the given point to, W (t) =
W (1)l TP,

9 5 5€2t 64t
y/: |: -7 -3 :| y7y1<t) = |: —762t :| 7Y2(t) = [ —64t 1 s tOZO, —00 <t < o0

Solution.
(a) The Wronskian is

5€2t €4t

_ o 6t
72t oAt = 2e

W(t) = ‘

Since W (t) # 0, the set {y1,y2} forms a fundamental set of solutions.
(b) tr(P(t)) =9—-3=6
(c) W(t) = 2¢5 and W(to)efto trP)ds _ 9o fybds — 9¢6t g
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Practice Problems

In Problems 35.1 - 35.3 answer the following two questions.

(a) Rewrite the given system of linear homogeneous differential equations as
a homogeneous linear system of the form y'(t) = P(t)y.

(b) Verify that the given function y(t) is a solution of y'(t) = P(¢)y.

Problem 35.1

Yy = —3y1— 2
vy = 4y +3ys
and . .
o e +e
}’(t) = [ —9¢t — et ]
Problem 35.2
yi = Y2
Yy = —my+ 3y
and )
t° + 3t
yt) = { 2t +3 }

Problem 35.3

vi = 2y1+y2+ys
vy = y1+y2+2y3
vy = y1+2y2 +ys3
and
2et + e*t
y(t) = | —e + et
et 4 et

In Problems 35.4 - 35.7

(a) Verify the given functions are solutions of the homogeneous linear system.
(b) Compute the Wronskian of the solution set. On the basis of this calcu-
lation can you assert that the set of solutions forms a fundamental set?

(c) If the given solutions are shown in part(b) to form a fundamental set,
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state the general solution of the linear homogeneous system. Express the
general solution as the product y(¢) = ¥(t)c, where ¥(t) is a square matrix
whose columns are the solutions forming the fundamental set and c is a col-
umn vector of arbitrary constants.

(d) If the solutions are shown in part (b) to form a fundamental set, impose
the given initial condition and find the unique solution of the initial value
problem.

Problem 35.4

y = { 195 :ﬂy,ym) = [?],yl(t) =

Problem 35.5

{ 23t — 4et

—b5e 2t cos 3t

Y= { P ] y.y(0) = {2} R A [e—2f(cos3t—3sin3t) ] :

() = —5e~2 sin 3t
Y2U = 1 e=2(3 cos 3t + sin 3t)

Problem 35.6

y' = { L }}UY(—D = { h } yi(t) = { | } ya(t) = [ _623;3t }
Problem 35.7

-2 0 0 3 e 2 0
y=1 0 1 4|y,y0O =] 4 |,yi)=| 0 |, yaoft)=| 2¢" cos2t
0 —1 1 -2 0 —etsin 2t

0

y3(t) = | 2e'sin2t
et cos 2t

In Problems 35.8 - 35.9, the given functions are solutions of the homogeneous
linear system.

(a) Compute the Wronskian of the solution set and verify the set is a funda-
mental set of solutions.
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(b) Compute the trace of the coefficient matrix.
(c) Verify Abel’s theorem by showing that, for the given point ¢y, W(t) =

W (tg)elio "D,
Problem 35.8

bt

6 et
y/: { _7 _6]Y,Y1<t): { 7ot } aYZ(t): [ et } ,to=—1, —c0o <t <0

Problem 35.9
1t -1 !
y/:|:0 _t—1:|yay1(t):|:t—1:|7y2(t):|:%:|’t0:_]"t7é0’0<t<oo

Problem 35.10

The functions
263t
nw=|7 | wo-| %]

are known to be solutions of the homogeneous linear system y’ = Py, where
P is a real 2 x 2 constant matrix.
(a) Verify the two solutions form a fundamental set of solutions.

)

(b) What is tr(P)?
(c) Show that W(t) satisfies the homogeneous differential equation ¥’ = PW,
where o
5 2e
¥ = (o) v = [ ] %]

(d) Use the observation of part (c) to determine the matrix P.[Hint: Compute
the matrix product W'(¢)® ' (¢). It follows from part (a) that ¥—!(t) exists.]
Are the results of parts (b) and (d) consistent?

Problem 35.11
The homogeneous linear system

P

-2 «

has a fundamental set of solutions whose Wronskian is constant, W (t) =
4, — oo <t < oo. What is the value of a?
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36 First Order Linear Systems: Fundamental
Sets and Linear Independence

The results presented in this section are analogous to the ones established
for nth order linear homogeneous differential equations (See Section 5.3).
We start by showing that fundamental sets always exist.

Theorem 36.1
The first-order linear homogeneous equation

y =P(t)y, a<t<b

where the entries of P are all continuous in a < t < b, has a fundamental set
of solutions.

Proof.
Pick a number ¢,y such that a < ty < b. Consider the following n initial value
problems

y =Pt)y, y(to) =e
y' =P(t)y, =

(1)

y' P.’(75)3@ y(to) = e,

where

1 0 0

0 1 0

€ = . , €2 = . y Tt ,€n = . )

0 0 1
By the existence and uniqueness theorem we find the solutions {y1,y2, - ,yn}-
Since W (t) = det([ey, e, ,€,]) = det(I) = 1 where I is the n x n identity
matrix we see that the solution set {y,y2, - ,y,} forms a fundamental set

of solutions m

Next, we establish the converse to Theorem 35.2

Theorem 36.2
If {y1,y2, - ,¥n} is a fundamental set of solutions to the first order linear
homogeneous system

y =P(t)y, a<t<b

then W (t) #0 for all a <t < b.
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Proof.

It suffices to show that W (ty) # 0 for some number a < ¢ty < b because by
Abel’s theorem this implies that W (t) # 0 for all @ < ¢ < b. The general
solution y(t) = c1y1 + c2ya + - - + ¢y, to y' = P(t)y can be written as the
matrix equation

yit)=ay1+ays+- -+ ey, =¥()e, a<t<b
where W(t) = [y1 y2 -+ ¥n| is the fundamental matrix and

(&1
Co

In particular,

y(t0> = ‘I’(to)c
This matrix equation has a unique solution for c. This is possible only when
W1(t) exists which is equivalent to saying that W (ty) = det(¥(ty)) # 0.
This completes a proof of the theorem m

We next extend the definition of linear dependence and independence to
vector functions and show that a fundamental set of solutions is a linearly
independent set of vector functions on the t-interval of existence.

We say that a set of n x 1 vector functions {fi(t),f2(¢),-- ,£.(¢)}, where
a <t <b,is linearly dependent if one of the vector function can be writ-
ten as a linear combination of the remaining functions. Equivalently, this
occurs if one can find constants ki, ks, - - - , k, not all zero such that

k’lfl(t) + k‘zfg(t) +---+ k’rfr(t) =0, a<t< b.

If the set {fi(t),f2(¢), - ,f.(t)} is not linearly dependent then it is said to
be linearly independent in a < ¢t < b. Equivalently, {fi(¢),f2(¢),--- ,£.(¢)}
is linearly independent if and only if

implies k1 = kg = --- = 0.

80



Example 36.1
Determine whether the given functions are linearly dependent or linearly
independent on the interval —oo <t < oo.

1 0
fi(t)=|t |, bt)=]1
0 2

Solution.
Suppose that ki () + kaofa(t) = 0 for all ¢. This implies that for all ¢ we have

kl =
klt + ]{72 -
kot? =

o O O

Thus, k; = ks = 0 so that the functions f;(¢) and fy(¢) are linearly indepen-
dent m

Theorem 36.3
The solution set {y1,y2, - ,¥»} is a fundamental set of solutions to

y' =P(t)y

where the n x n matrix P(t) is continuous in @ < t < b, if and only if the
functions yy, ys, -,y are linearly independent.

Proof.
Suppose first that {y1, y2, - ,¥.} is a fundamental set of solutions. Then
by Theorem 36.2 there is a < ¢y < b such that W (ty) # 0. Suppose that

ayi(t) + cay2(t) + -+ + cuyn(t) =0
for all a <t < b. This can be written as the matrix equation
U(t)c=0, a<t<b
where

&
Co

Cn
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In particular,
\I’(tQ)C =0.

Since W (ty) = det(®(to)) # 0, 1 (tg) exists so that ¢ = ¥1(¢y) ¥ (tg)c =
P1(¢y) -0 =0. Hence, ¢; = ¢y = - -+ = ¢, = 0. Therefore, y;,y2, -+ ,y, are
linearly independent.

Conversely, suppose that {y1,ys, - ,y.} is a linearly independent set. Sup-
pose that {y1,y2, -+ ,¥n} is not a fundamental set of solutions. Then by
Theorem 35.2, W(t) = det(¥(t)) = 0 for all a < t < b. Choose any
a < tg < b. Then W(ty) = 0. But this says that the matrix W¥(ty) is not
invertible. In terms of matrix theory, this means that ¥ () - ¢ = 0 for some
vector

Now, let y(t) = c1y1(t) + caya2(t) + - - - + cuyn(t) for all a <t < b. Then y(t)
is a solution to the differential equation and y(tg) = ¥(to)c = 0. But the
zero function also is a solution to the initial value problem. By the existence
and uniqueness theorem we must have ¢,y (t) + coya(t) + -+ + cpyn(t) =0
for all @ < t < b with ¢, ¢o,---, ¢, not all equal to 0. But this means that
Y1, Y2, -+, ¥, are linearly depedent which contradicts our assumption that
Y1, Yo, -+, yn are linearly independent m

Remark 36.1
The fact that yi, y2,--- , ¥y, are solutions to y’ = Py is critical in the above
theorem. For example the vectors

1 t 2
fit)=| 0|, BH)=]2|, fH)=]1
0 0 0

are linearly independent with det(fy, £y, f3) = 0.

Example 36.2
Consider the functions



(a) Let W(t) = [fi(t) £2(¢)]. Determine det(W(t)).

(b) Is it possible that the given functions form a fundamental set of solutions
for a linear system y’ = P(¢)y where P(t) is continuous on a t-interval con-
taining the point ¢ = 07 Explain.

(c¢) Determine a matrix P(t) such that the given vector functions form a
fundamental set of solutions for y’ = P(t)y. On what t-interval(s) is the
coefficient matrix P(t) continuous?(Hint: The matrix W(¢) must satisfy
U'(t) =P(t)®(t) and det(T(t)) #0.)

Solution.

(a) We have

e
0 t

= tet

det(T)(t) =

(b) Since det(¥)(0) = 0, the given functions do not form a fundamental set
for a linear system y’ = P(¢)y on any t-interval containing 0.

(c) For ¥(t) to be a fundamental matrix it must satisfy the differential equa-
tion W'(t) = P(¢)¥(t) and the condition det(¥(t)) # 0. But det(¥(t)) = te
and this is not zero on any interval not containing zero. Thus, our coefficient
matrix P(t) must be continuous on either —oo <t < 0 or 0 <t < co. Now,
from the equation W’'(t) = P(t)®(¢) we can find P(t) = ¥/(¢)®~!(¢). That
is,

o < wowo-a[3 1[0 4

B St o2t—1?
- g

Finally, we will show how to generate new fundamental sets from a given
one and therefore establishing the fact that a first order linear homogeneous
system has many fundamental sets of solutions. We also show how different
fundamental sets are related to each other. For this, let us start with a funda-
mental set {y1,y2, - ,yn} of solutions toy’ = P(t)y. If y,,¥,,- - ,y, aren
solutions then they can be written as linear combinations of the {y1,ys, -+ ,¥n}
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That is,
anyi1 + as1y2 + -+ anyn = Y;
12y1 + A22y2 + - - + Gp2yn = Yo

A1pY1 + 2ny2 + - + AnpYn = Y,

or in matrix form as

ailr a2 a3 -+ Qin
_ _ 21 Q22 Q23 -+ dap
BIRE Yo l=[¥y1 ¥2 Vo | :
An1 QAp2 Aap3 Qnn
That is o
T(t) = U(H)A

Theorem 36.4
{¥1,¥9, -+ ,¥,} is a fundamental set if and only if det(A) # 0 where A is
the coefficient matrix of the above matrix equation.

Proof.

Since W(t) = W(t)A and W (t) = det(¥(t)) # 0, W(t) = det(¥(t)) # 0 if
and only if det(A) # 0. That is, {¥,,¥3, - ,¥,} is a fundamental set of
solutions if and only if det(A) #0m

Example 36.3

Let
, |01 et et — | sinht cosht
y = { 10 } y, ¥(t) = { el —et |7 P(t) = cosht sinht

(a) Verify that the matrix W(¢) is a fundamental matrix of the given linear
system.

(b) Determine a constant matrix A such that the given matrix ¥(¢) can be
represented as W(t) = W(t)A.

(c¢) Use your knowledge of the matrix A and Theorem 36.4 to determine
whether W(#) is also a fundamental matrix, or simply a solution matrix.
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Solution.
(a) Since

and t ¢ t t
01 e e e —e
P(t)\Il(t) - [ 10 ] [ et et ] - [ et et ]
we conclude that W is a solution matrix. To show that W(¢) is a fundamental
matrix we need to verify that det(¥(t)) # 0. Since det(¥(t)) = —2 # 0, ¥(¢)

is a fundamental matrix.
(b) First write

(1) = sinht cosht | _1[e —e™ e et
" | cosht sinht 2| et+et et —et

Thus, the question is to find a, b, ¢, and d such that
Tle—e ede™ | _|e e a b| | ae+cet bel +det
2 et+et et—et | | et —et c d| | ael —cet bet —de?

Comparing entries we find a =1/2, b=1/2, ¢ = —1/2, and d = 1/2.

(c) Since det(A) = 3, W(t) is a fundamental matrix m
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Practice Problems

In Problems 36.1 - 36.4, determine whether the given functions are linearly
dependent or linearly independent on the interval —oo <t < oo.

Problem 36.1

Problem 36.2

£(t) = {elt } , B(t) = {6; } , f3(t) = { _(2) }

Problem 36.3

0 0
G = |t | b= 1| &0=]0
12 0
Problem 36.4
1 0 1
fi(t)= | sin®t |, fo(t) = | 2(1 —cos?t) |, f3(t)=| O
0 -2 1
Problem 36.5
Let
1 1 1 et et 4e? - et +et 4e? et + 4e?
y=10 -1 1]y, ()= 0 =2t € |, U@t)=]| -2t % e?t
0 0 2 0 0 3e?t 0 3e?t 3e2t

(a) Verify that the matrix W(¢) is a fundamental matrix of the given linear
system.

(b) Determine a constant matrix A such that the given matrix W(¢) can be
represented as W(t) = W(t)A.

(c) Use your knowledge of the matrix A and Theorem 34.4 to determine
whether W(t) is also a fundamental matrix, or simply a solution matrix.
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Problem 36.6
Let

1 1 el e
y/:{o —2}“7’ ‘I'(t):{o —3e-2t}
where the matrix W(t) is a fundamental matrix of the given homogeneous
linear system. Find a constant matrix A such that W(t) = W¥(t)A with

W(O):H H
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37 Homogeneous Systems with Constant Co-
efficients

In this section, we consider solving linear homogeneous systems of the form
y' = Py where P is a matrix with real-valued constants. Recall that the
general solution to this system is given by

y(t) = ayi(t) + c2y2(t) + -+ + cya(t)

where {y1(t),y2(t), - ,yn(f)} is a fundamental set of solutions. So the prob-
lem of finding the general solution reduces to the one of finding a fundamental
set of solutions.

Let’s go back and look at how we solved a second order linear homogeneous
equation with constant coefficients

y' +ay +by=0 (20)

To find the fundamental set of solutions we considered trial functions of the
form y = € and find out that r is a solution to the characteristic equation
r? 4+ ar +b=0. But (20) is a first order homogeneous linear system

HEERIH )

where y; =y and y, = ¥/.
Now, if 7 is a solution to the characteristic equation 72 + ar +b = 0 then one
can easily check that the vector function

ert ot 1
Y= et | T° | r
is a solution to (21).

Motivated by the above discussion we will consider trial functions for the
system

of the form y = e"'x where x is a nonzero vector. Substituting this into (22)
we find re"x = Pe"'x. This can be written as a linear system of the form

(P—rx=0 (23)
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where I is the n x n identity matrix.
Since system (23) has a nonzero solution x, the matrix P — rI cannot be
invertible (otherwise x=0). This means that

p(r) = det(P —rI) = 0. (24)

We call (24) the characteristic equation associated to the linear system
(22). Its solutions are called eigenvalues. A vector x corresponding to an
eigenvalue r is called an eigenvector. The pair (7, x) is called an eigenpair.
It follows that each eigenpair (r,x) yields a solution of the form y(t) = e"x.
If there are n different eigenpairs then these will yield n different solutions.
We will show below that these n different solutions form a fundamental set
of solutions and therefore yield the general solution to (22). Thus, we need
to address the following questions:

(1) Given an n x n matrix P, do there always exist eigenpairs? Is it possible
to find n different eigenpairs and thereby form n different solutions of (22)7
(2) How do we find these eigenpairs?

As pointed out earlier, the eigenvalues are solutions to equation (24). But

a1l —Tr Q12 te A1n
a1 Qo0 — T - Aon

p(r) = : [ =0
an1 an2 e App — T

The determinant is the sum of elementary products each having n factors
no two come from the same row or column. Thus, one of the term has
the form (a;; — 7)(ags — 7) -+ (apn — 7). From this we see that p(r) is a
polynomial of degree n. We call p(r) the characteristic polynomial. By
the Fundamental Theorem of Algebra, the equation p(r) = 0 has n roots,
and therefore n eigenvalues. These eigenvalues may be zero or nonzero, real
or complex, and some of them may be repeated.

Now, for each eigenvalue r, we find a corresponding eigenvector by solving
the linear system of n equations in n unknowns: (P —rI) = 0.

Example 37.1
Consider the homogeneous first order system

, [ 4 2
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(a) Show that x; = { _11 ] and x; = [ 1

] are eigenvectors of P. Deter-

mine the corresponding eigenvalues.

(b) For each eigenpair found in (a), form a solution yy of the system y’ = Py.
(c) Calculate the Wronskian and decide if the two solutions form a funda-
mental set.

Solution.
(a) Since

4 )[4

X1 is an eigenvector corresponding to the eigenvalue 2. Similarly,

4 2 -2 —6
P | 4 3] [ 5]
Thus, x5 is an eigenvector corresponding to the eigenvalue 3.

(b) The two solutions are y;(t) = e [ _11 } and y,(t) = * [ _12 } :
(c) The Wronskian is

_€2t e

6275 —263t
W) [ e } 1

Since W (t) # 0, the set {y1,y2} forms a fundamental set of solutions m

Example 37.2

Find the eigenvalues of the matrix P = { ?) g ] .

Solution.
8—r 0

s 4. |=B-nE-n.

The characteristic polynomial is p(r) =

Thus, the eigenvalues are r =8 and r =2 m

Example 37.3
—4

3 )
4 41.F1ndthe

Suppose that r = 2 is an eigenvalue of the matrix P = [

eigenvector corresponding to this eigenvalue.
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Solution.
We have (P —2I)x = 0 or

BRI

Solving this system we find 22y = x5. Thus, an eigenvector is { ; } |

We next list some properties of eigenvalues and eigenvectors.

Theorem 37.1

(a) If (r,x) is an eigenpair then for any a # 0, (r, ax) is also an eigenpair.
This shows that eigenvectors are not unique.

(b) A matrix P can have a zero eigenvalue.

(c) A real matrix may have one or more complex eigenvalues and eigenvectors.

Proof.

(a) Suppose that x is an eigenvector corresponding to an eigenvalue r of a
matrix P. Then for any nonzero constant « we have P(ax) = aPx = r(ax)
with ax # 0. Hence, (r, ax) is an eigenpair.

0 O}isr(r—l):()

(b) The characteristic equation of the matrix P = [ 01

so that » = 0 is an eigenvalue.
1

1
-1 1
Its roots are r =1 +1¢ and r = 1 — 7. For the r = 1 + ¢ we have the system

A

1 .
A solution to this system is the vector x; = [ ; ] . Similarly, for r =1 — 4

A

. . : 1
A solution to this system is the vector x5 = [ } ]

(c) The characteristic equation of the matrix P = is r?—2r42 = 0.

we have

—1
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Theorem 37.2
Eigenvectors X, Xo, - - - , X corresponding to distinct eigenvalues 1,71y, - -+ , 1
are linearly independent.

Proof.

Let us prove this by induction on k. The result is clear for £ = 1 because
eigenvectors are nonzero and a subset consisting of one nonzero vector is
linearly independent. Now assume that the result holds for £ — 1 eigenvec-
tors. Let x1,xo, - ,X; be eigenvectors corresponding to distinct eigenvalues
ri,79, -+, Tk Assume that there is a linear combination

c1X1 + coXg + -+ -+ cpx = 0.

Then we have

X1+ coXo+ -+ oxp =0 =

Pleyx; +coxg+ -+ ax) =0 —

aPx; + Pxy+ -+ ¢, Px, =0 =

11Xy + caroXo + -+ + X = 0 =

(c1m1Xq + CoreXo + -+ - + kX)) — (17pXy + CorpXo + -+ X)) = 0 =

01(7’1 — T’k)Xl + CQ(TQ — Tk)Xg + -+ Ck—l(Tk—l — Tk)Xk_l =0

But by the induction hypothesis, the vectors x1, X, - -+, X;_1 are linearly in-
dependent so that ¢;(ry —ry) = ca(rg—rg) = -+ = c_1(rg_1 —rx) = 0. Since
the eigenvalues are all distinct, we must have ¢y = ¢ = --- = ¢,_1 = 0. In
this case we are left with ¢;x; = 0. Since x;, # 0, ¢, = 0. This shows that

{x1, X2, -+, Xz} is linearly independent m

The next theorem states that n linearly independent eigenvectors yield a
fundamental set of solutions to the equation y’ = Py.

Theorem 37.3

Consider the homogeneous system y’ = Py, — oo <t < oo. Suppose that P
has eigenpairs (ry,X1), (r2,X2), -+ , (rn, X,) where X1, Xs, -+ , X, are linearly
independent. Then the set of solutions

rit rot rnt
{6 X1, € X27~--7€an}

forms a fundamental set of solutions.
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Proof.
We will show that the vectors e™'x;, e™!x,, - - - ,e™!x,, are linearly indepen-
dent. Suppose that

cre"txy + o™Xy + - + e, = 0
for all —oo <t < oco. In particular, we can replace t by 0 and obtain
c1X1 + coXg + - -+ X, = 0.

Since the vectors x1,Xs, -+ , X, are linearly independent, we must have ¢; =
g = -++ = ¢, = 0. This shows that e"'x;,e™'xy, -+ ,e™x, are linearly
independent. Since each vector is also a solution, by Theorem 34.3 the set
{e"xy, €"™'Xy, -+, e™x, } forms a fundamental set of solutions m

Combining Theorem 37.2 and Theorem 37.3 we obtain

Theorem 37.4
Consider the homogeneous system y’ = Py, — oo <t < co. Suppose that P
has n eigenpairs (r1, X1), (r2,X2), - -+ , (7, X,,) with distinct eigenvalues. Then
the set of solutions

{emxl, €T2tX2, . 7erntxn}

forms a fundamental set of solutions.

Proof.
Since the eigenvalues are distinct, by Theorem 37.2 the eigenvectors X, Xs, - -+ , X,
are linearly independent. But then by Theorem 35.3 the set of solutions

rntxn}

{e”txl, elxy, - e
forms a fundamental set of solutions m

Example 37.4
Solve the following initial value problem

y’:{_f _12}30 Y(O)Z{ﬂ
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Solution.
The characteristic equation is

'—2—r 1

1 _2_r‘:(r+1)(r+3):0

Solving this quadratic equation we find r; = —1 and r, = —3. Now,
. —1 1 Al —X1 + X2 . 0
el Y | e R )

Solving this system we find 1 = x5. Letting 1 = 1 then x5 = 1. Thus, an
eigenvector is
“=[1]
1

o 11 T T+ X2 . 0
=[][R] [2E0] -6
Solving this system we find x; = x5. Letting 1 = 1 then x5 = —1. Thus, an
eigenvector is
1
X9 = _1

By Theorem 35.4, a fundamental set of solutions is given by {e 'x;, e~
The general solution is then

Similarly,

Btx, 1.

y(t) = cre”'x; + ce ¥ x,.

Using the initial condtion we find ¢; + ¢5 = 3 and ¢; — ¢ = 1. Solving this
system we find ¢; = 2 and ¢y = 1. Hence, the unique solution is given by

y(t) = 2e7'x + e %y

et 43
= 9p—t _ =3t n

94



Practice Problems

In Problems 37.1 - 37.3, a 2 X 2 matrix P and vectors x; and x5 are given.
(a) Decide which, if any, of the given vectors is an eigenvector of P, and
determine the corresponding eigenvalue.

(b) For the eigenpair found in part (a), form a solution y(t), where k = 1
or k = 2, of the first order system y’ = Py.

(c) If two solution are found in part (b), do they form a fundamental set of
solutions for y’ = Py.

7T =3 3 1
A N
-5 2 1 1
e N CI
Problem 37.3

e e e

In Problems 37.4 - 37.6, an eigenvalue is given of the matrix P. Determine a
corresponding eigenvector.

Problem 37.1

Problem 37.2

Problem 37.4

Problem 37.5

1 -7 3
P=| -1 -1 1], r=-4
4 —4 0
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Problem 37.6
1 3
P=|(21 2 , 7=25
4 3

In Problems 37.7 - 37.10, Find the eigenvalues of the matrix P.
Problem 37.7

Problem 37.8

Problem 37.9

w

Il

o
R
O W O

Problem 37.10
1 -7 3

P=| -1 —-11
4 -4 0

In Problems 37.11 - 37.13, the matrix P has distinct eigenvalues. Using
Theorem 37.4 determine a fundamental set of solutions of the system y’ =

Py.

Problem 37.11

p_ [ —0:09 0.02
| 004 —007
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Problem 37.12

1 20
P=|-47020
0 01
Problem 37.13
3 1 0
P=| -8 6 2
-9 -9 4

Problem 37.14
Solve the following initial value problem.

Il
—
SN
[ I

y’={_54 _33].% y(1)

Problem 37.15
Solve the following initial value problem.

Problem 37.16
Find « so that the vector x is an eigenvector of P. What is the corresponding

eigenvalue?
2 « 1
S Y
Problem 37.17

Find o and S so that the vector x is an eigenvector of P corresponding the

eigenvalue r = 1.
| a B | -1
P-a 5] =7
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38 Homogeneous Systems with Constant Co-
efficients: Complex Eigenvalues

We continue the study of finding the general solution of y' = Py where P is
an n X n matrix with real entries. In this section, we consider the case when
P possesses complex eigenvalues. We start with the following result.

Theorem 38.1
If (r,x) is an eigenpair of P then (7,X) is an eigenpair of P. Thus, complex
eigenvalues always occur in conjugate pairs.

Proof.

Write 7 = a + if. Then we have Px = (a + if)x. Take the conjugate of
both sides to obtain PX = (a — i#)X. But P is a real matrix so that P = P.
Thus, PX = (o — if)X. This shows that o — i is an eigenvalue of P with
corresponding eigenvector X W

In most applications, real-valued solutions are more meaningful then complex
valued solutions. Our next task is to describe how to convert the complex
solutions to y’ = Py into real-valued solutions.

Theorem 38.2

Let P be a real valued n x n matrix. If P has complex conjugate eigenvalues
r1 = a+if and ro = a — i3, where § # 0, and corresponding (complex
conjugate) eigenvectors x; = a+ib and x; = a—ib then y; = e*(acos ft —
bsin §t) and y, = e (asin St +b cos 5t) are two solutions of y’ = Py.(These
functions are the real and imaginary parts of the two solutions, e(®*"#)x; and
ele=B)ix,).

Proof.
By Euler’s formula we have
elotifltx, = e®(cos St + isin 5t)(a + ib)
= e“(acos ft — bsin 8t) + e*i(asin 5t + b cos [t)
= Y1 +iy2
and
ele=fix, = e®(cos ft — isin ft)(a — ib)
= e®(acos St — bsin ft) — e*i(asin St + b cos t)
= Y1 —1y2
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We next show that y; and ys are solutions to y’ = Py. Indeed,

[e(aﬂﬁ) =y +iys

and
PeletPix, = Py, + iPy,

Since Peleti®)ix) = [ele+ifix ) we must have Py; =y} and Py, =y,

Example 38.1
Solve

Solution.
The characteristic equation is

-1 1 1
2 - )2 -
‘ SRR g _(r+2)+1 0
Solving this quadratic equation we find ry = —% — i and ro = —% + 4. Now,
1 . =1 Ty —iry+x2 | |0
P+ (G +ibx= { -1 —z} {xz ] { N
Solving this system we find 1 = —ix,. Letting x5 = ¢ then x1 = 1. Thus, an

eigenvector is

o[}

An eigenvector corresponding to the eigenvalue —% + 1 is then

]_
1

AR | [ 3 0 I } i[9

e %(clcost—i-cQSlnt
e %( —cysint 4 cp cost)
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Practice Problems

Problem 38.1
Find the eigenvalues and the eigenvectors of the matrix

0 -9
S
Problem 38.2

Find the eigenvalues and the eigenvectors of the matrix

3 1
P[]
Problem 38.3
Find the eigenvalues and the eigenvectors of the matrix

1 -4 -1
P=|3 2 3
1 1 3

In Problems 36.4 - 36.6, one or more eigenvalues and corresponding eigenvec-
tors are given for a real matrix P. Determine a fundamental set of solutions
for y’ = Py, where the fundamental set consists entirely of real solutions.

Problem 38.4
P is a 2 X 2 matrix with an eigenvalue » = ¢ and corresponding eigenvector

<= —2+1
N 5
Problem 38.5
P is a 2 x 2 matrix with an eigenvalue r = 14 and corresponding eigenvector

[ —1+7 }
X = .
l
Problem 38.6
P is a 4 x4 matrix with eigenvalues » = 1+5i with corresponding eigenvector

S O = o,
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and eigenvalue r = 1 + 2¢ with corresponding eigenvector

[ e M e

Problem 38.7
Solve the initial value problem

, [0 -9 [6
Problem 38.8

Solve the initial value problem

,[3 1 BE
Problem 38.9

Solve the initial value problem

1 -4 -1 -1
y=13 2 3 |y, y0=1|9
1 1 3 4
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39 Homogeneous Systems with Constant Co-
efficients: Repeated Eigenvalues

In this section we consider the case when the characteristic equation possesses
repeated roots. A major difficulty with repeated eigenvalues is that in some
situations there is not enough linearly independent eigenvectors to form a
fundamental set of solutions. We illustrate this in the next example.

Example 39.1
Solve the system

, 12

Solution.
The characteristic equation is

=(r—1>=0

1—1r 2
0 1—1r

and has a repeated root r = 1. We find an eigenvector as follows.

o]l

It follows that x5 = 0 and z; is arbitrary. Letting z; = 1 then an eigenvector

1S
|1
X1 = 0

This is the only eigenvector. It yields the solution

3]

But we need two linearly independent solutions to form the general solution
of the given system and we only have one. How do we find a second solution
y2(t) such that {y;,y2} is a fundamental set of solutions?

Let y(t) be a solution. Write



Then we have

n(t) = y+ 2y

y(t) = Y2
Solving the second equation we find yo(t) = coe’. Substituting this into the
first differential equation we find ¥ () = y; + 2coe’. Solving this equation
using the method of integrating factor we find y;(t) = c1e’ + cote’. Therefore
the general solution to y’ = Py is

y(t) = { cre’ + oote! } = cpé! { (1) :|—|-CQ (et { (1) } + te' { (1) D = o1y1(t)+eaya ().

Coe

Thus, a second solution to y’ = Py is

yz(t):et{ﬂwetu]

Finally, letting W (t) = [y; y2] we find

W(0) = det(®(0)) = ‘ (1) ! ‘ —1
so that {y1,y2} is a fundamental set of solutions m

Example 39.2
Solve the initial value problem

; 13 11 |1
Solution.

The characteristic equation is

13—r 11
~11 —-9-—r

’—(r—2)2—o

and has a repeated root r = 2. We find an eigenvector as follows.
11 11 Ty | 112 + 1129 10
—-11 —11 i) N —1]_I'1 - ].1£U2 - 0

103



It follows that x9 = —z;. Letting x; = 1 then an eigenvector is

[ 1
X1 = _1:|

Therefore, one solution of y’ = Py is

2t
nt) =| ] |
The second solution has the form
ya(t) = te*x; + e*'x,

where x5 is to be determined. Substituting y, into the equation y’ = Py we
find
(14 2t)e*'x; + 2e*'xy = P(te*'x; + e*'x3).

We can rewrite this equation as
te? (Px; — 2x;) + e*(Pxy — 2x3 — x1) =0
But the set {€*,te?'} is linearly independent so that

PX1 - 2X1 = 0
PX2 — 2X2 = X3

From the second equation we find
1 11 xy | | May+1lze | | 1
—11 -11 To | | —1lzy —1lay | | —1

This shows that 11z + 1129 = 1. Thus,

o l[1-1m ] _1]1]_ 1
2T 1w |11 0| | -1

Letting x5 = 0 we find

Hence,



Computing the Wronskian of the two solutions we find

woy=| L oir|=-L 40
=10 06|=1n”

Therefore, the two solutions form a fundamental set of solutions and the
general solution is given by

r 2t
e te* 4+ &

o[ S]]

Imposing the initial condition,

o= =[5 ][5

Solving this system we find ¢; = —2 and ¢, = 33. Hence, the unique solution
to the initial value problem is

e?t + 33te?t
y(t) = { }

22t — 33te*

Multiplicity of an Eigenvalue

As you have seen from the discussion above, when an eigenvalue is repeated
then one worries as to whether there exist enough linearly independent eigen-
vectors. These considerations lead to the following definitions.

Let P be an n X n matrix and

det(P —1rI) = (r —r)" (r —ro)" -+ (r — rp)"*.
The numbers ny,ng, --- ,n, are called the algebraic multiplicities of the
eigenvalues 71,79, - - - , ;. For example, if det(P —rI) = (r—2)3(r —4)*(r+1)
then we say that 2 is an eigenvalue of P of multiplicity 3, 4 is of multiplicity
2, and —1 is of multiplicity 1.
We define the geometric multiplicity of an eigenvalue to be the number
of linearly independent eigenvectors corresponding to the eigenvalue.

Example 39.3
Find the algebraic and geometric multiplicities of the matrix

1 11
P

o O O

2 01
0 21
0 0 3
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Solution.
The characteristic equation is given by

2—r 1 1 1
0 2—-r 0 1
0 0 2-—r 1
0 0 0 3—-r

2—r 0 1
0 0 3-—r
Thus, » = 2 is an eigenvalue of algebraic multiplicity 3 and r = 3 is an

eigenvalue of algebraic multiplicity 1.
Next, we find eigenvector(s) associated to r = 2. We have

0111 1 0
0001 o | |0
0001 x3 | |0
0001 T4 0
Solving this system we find
il 1 0
Ty | _ 0 n -1
s | o | T
Ty 0 0
Hence, the linearly independent eigenvectors are
1 0
0 -1
Xl - 0 Y X2 1
0 0

It follows that r = 2 has geometric multiplicity 2.
Similarly, we find an eigenvector associated to r = 3.

11 1 1] [m=
0O -1 0 1 T
0O 0 -11 T3
0O 0 0 0 T4

|
cocoo

Solving this system we find

X3 =

—_ = = O
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It follows that » = 1 has geometric multiplicity 1 m

All the above examples discussed thus far suggest the following theorem.
For the proof, we remind the reader of the following definition: A set of

vectors {vy,va, -+, v,} forms a basis of R" if every vector in R" is a lin-
ear combination of vy, vy, --- ,v, and the vectors vy, vy, .-, v, are linearly
independent.

Theorem 39.1
Let A be an n xn matrix with eigenvalue r. Then the geometric multiplicity
of 1 is less than or equal to the algebraic multiplicity of 7.

Proof.

Let r; be an eigenvalue of A with algebraic multiplicity a and geomet-
ric multiplicity g. Then we have ¢ linearly independent eigenvectors B =
{vi,va, -+, v,} with eigenvalues . We next extend B to a basis

{V17V27 Vg, Wi, 0t 7Wn}

of R™ as follows. Let W be the set of all linear combinations of the vectors
of B. If ¢ = n then W = R" and we are done. If ¢ < n then W is a
proper subset of R". Then we can find w,; that belongs to R" but not
in W. Then w,,1 ¢ W and the set S; = {vy,ve, -+ ,V,, Wy} is linearly
independent. If g4+ 1 = n then the set of all linear combinations of elements
of 57 is equal to R™ and we are done. If not, we can continue this extension
process. In n — g steps we will get a set of n linearly independent vectors
{vi,va, -+ vy, Wyi1, -+, W, } in R™ which will be a basis of R™.

Now, let

P= [Vl Vo s Vg Wgyg o0 Wn] = [Pl Pg]

where P is the first g columns and P5 is the last n — g columns. Since the
columns of P form a basis of R™ we have

C1Vi1 + CaVa + -+ CgVy + Cgr1Wgi1 + - + W, =0

which implies that ¢; = ¢o = -+ = ¢, = 0 and therefore P is an invertible
matrix.
Next, write
_ B.i B
P AP =
[ Bo1 B

107



where By is ¢ X ¢ matrix. Now, comparing

AP = [7“1V1 T1Vg =~ ’f‘lVg AW9+1 e AWn] = [7“1P1 APQ]
with
p| B Be = [P,By; + PyBy; P By, + PyByy)]
By, Bo | 1bn 2b21 F1bBigo 2522
we get By = ri11; and By = 0. Thus,
-1 o 7"119 B12
poar b B

It follows that
det(A — TIn) = det(P_l(A — TIn)P) = det(P_lAP — TI(n,g)X(n,g))

—r)l B
_ det (r1—7) g 12
‘ ([ 0 Ba: — 11ln—g)x(n-g) )
= (7‘1 — T)gdet(ng — ’I"I(n,g)x(n,g))

In particular, r; appears as a root of the characteristic polynomial for at
least g times. Since the algebraic multiplicity a is the total number of times
r1 appears as a root, we conclude that a > g m

If k; is the geometric multiplicity of an eigenvalue r; of an n x n matrix
P and n; is its algebraic multiplicity such that k; < n; then we say that the
eigenvalue r; is defective (it’s missing some of its eigenvalues) and we call
the matrix P a defective matrix. A matrix that is not defective is said to
have a full set of eigenvectors.

There are important family of square matrices that always have a full set of
eigenvectors, namely, real symmetric matrices and Hermitian matrices that
we discuss next.

The transpose of a matrix P, denoted by P?', is another matrix in which the
rows and columns have been reversed. That is, (P7);; = (P);;. For example,

the matrix
ailz aiz ais
P = a21 Ag2 A3

az1 asz 33
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would have the transpose

11 dg21 G31

T
P = Q12 d22 (32
13 dg23 (33

Theorem 39.2
(a) If P and Q are n x n matrices then (P + Q)T = PT + Q.
(b) If P is an n x m matrix and Q is an m x p matrix then (PQ)? = QTP”.

Proof.

(a) We have [(P +Q)"];; = (P + Q)ji = (P);i + (Q);i = (PT)y; + (Q")y5-
(b) We have

(PQ)T)y = PQ)ji=> 1 1(P)jn(Q)ri
> (QT) i (PT)yy
= (Q"P7); m

An n x n matrix P with real entries and with the property P = P7 is called
a real symmetric matrix. For example, the matrix

1 2 3
P=|2 -4 5
3 5 6

is a real symmetric matrix.

Real symmetric matrices are a special case of a larger class of matrices, known
as Hermitian matrices. An n x n matrix P is called Hermitian if P = FT,
where P is the complex conjugate of P(The conjugate of a complex matrix
is the conjugate of all its entries.) For example,

3 24
P_lQ—i 1 ]

is a Hermitian matrix. Note that PT = FT when P is real matrix. Also note
that a real symmetric matrix is a Hermitian matrix.

Theorem 39.3
If P is a real symmetric matrix or Hermitian matrix then its eigenvalues are
all real.
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Proof.

We prove the theorem for real Hermitian matrices. Suppose r is an eigen-
value of P with corresponding eigenvector x. We will show that r is real.
That is, 7 = r. Since Px = rx, we can multiply both sides of this equation
from the left by X! to obtain X! Px = rX!x. On the other hand, we have
P X =7 X. Thus, TP x =7 %7x. Since P' = P then r%7x = 7 X¥'x. Since
xTx = ||x||2 # 0, where ||x|| is the two norm of z,(x is an eigenvector) we

see that 7 = r, that is, r is real m

The following theorem asserts that every Hermitian or real symmetric matrix
has a full set of eigenvectors. Therefore, when we study the homogeneous
linear first order system y’ = Py, where P is an n x n a real symmetric
matrix we know that all solutions forming a fundamental set are of the form
e"'x, where (r,x) is an eigenpair.

Theorem 39.4
If P is a Hermitian matrix (or a symmetric matrix) then for each eigenvalue,
the algebraic multiplicity equals the geometric multiplicity.

Proof.

We will prove the result for real symmetric matrices. In Section 41, we will
show that a real symmetric matrix has a set of n linearly independent eigen-
vectors. So if ay,as, -+ ,ag are the algebraic multiplicities with correspond-
ing geometric multiplicities gy, go, - - - , gxr then we have a1 +as + -+ ap =
g1+ 92+ -+ g =n. By Theorem 39.1, this happens only when a; = g; =
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Practice Problems

In Problems 39.1 - 39.4, we consider the initial value problem y’ = Py, y(0) =

Yo-

(a) Compute the eigenvalues and the eigenvectors of P.

(b) Construct a fundamental set of solutions for the given differential equa-
tion. Use this fundamental set to construct a fundamental matrix W(t).

(c) Impose the initial condition to obtain the unique solution to the initial
value problem.

Problem 39.1

p=[0 3] »=[i]

Problem 39.2
3 0 2
P 5] w3
Problem 39.3
-3 =36 0
S I

Problem 39.4

6 1 4
e[ f ] w4
Problem 39.5

Consider the homogeneous linear system

/

y:

o O N

SN =

o = O
<

(a) Write the three component differential equations of y’ = Py and solve
these equations sequentially, first finding y3(¢), then ys(¢), and then y; (¢).
(b) Rewrite the component solutions obtained in part (a) as a single matrix
equation of the form y = ¥(¢)c. Show that ¥(¢) is a fundamental matrix.
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In Problems 39.6 - 39.8, Find the eigenvalues and eigenvectors of P. Give the
geometric and algebraic multiplicity of each eigenvalue. Does P have a full
set of eigenvectors?

Problem 39.6

Problem 39.7

Problem 39.8

S O O N
S o N O
— NN OO
N O OO

Problem 39.9
Let P be a 2 x 2 real matrix with an eigenvalue r = a + ib where b # 0. Can
P have a repeated eigenvalue? Can P be defective?

Problem 39.10
Dtermine the numbers x and y so that the following matrix is real and
symmetric.

P =

o O
N DN
o8

Problem 39.11
Dtermine the numbers x and y so that the following matrix is Hermitian.

2 T+ 3 7
P=|9-3 5 2+ yi
7 2+ 51 3
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Problem 39.12

(a) Give an example of a 2 x 2 matrix P that is not invertible but have a full
set of eigenvectors.

(b) Give an example of a 2 x 2 matrix P that is invertible but does not have
a full set of eigenvectors.
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40 Nonhomogeneous First Order Linear Sys-
tems

In this section, we seek the general solution to the nonhomogeneous first
order linear system

y =P(t)y +g(t) (25)

where the components of the n x n matrix P(t) and the n x 1 vector g(t)
are continuous on a < t < b.

The solution structure is similar to one for nth order linear nonhomogeneous
equations and is the result of the following theorem.

Theorem 40.1

Let {y1(t),y2(t), - ,y.(t)} be a fundamental set of solutions to the ho-
mogeneous equation y’ = P(t)y and y,(t) be a particular solution of the
nonhomogeneous equation y’ = P(t)y + g(t). Then the general solution of
the nonhomogeneous equation is given by

y(t) = yp(t) + ciyi(t) + caya(t) + - + cuya(t)

Proof.
Let y(¢) be any solution to equation (25). Since y,(t) is also a solution, we
have

Y-y, = y -y,
= PQ@)y +g(t) — [P(t)y, + g(t)]
= g(t) —g(t) =0
Therefore y—y, is a solution to the homogeneous equation. But {y1,y2, - ,yn}

is a fundamental set of solutions to the homogeneous equation so that there
exist unique constants ¢y, ¢a, - - - , ¢, such that y(t)—y,(t) = c1y1(t)+c2y2(t)+
-+ ¢, yn(t). Hence,

y(t) = yp(t) + aiyi(t) + caya(t) + - + caya(t) m

Since the sum ¢y (¢) +coya(t) + - - - + ¢, ¥n () represents the general solution
to the homogeneous equation then we will denote it by y;, so that the general
solution of (25) takes the form

y(t) = ya(t) + y,(t)

Superposition theorem for nth order linear nonhomogeneous equations holds
as well for linear systems.
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Theorem 40.2

Let y1(t) be a solution of y’ = P(t)y + g1(t) and y,(¢) a solution of y' =
P(t)y +g2(t). Then for any constants ¢; and ¢, the function y,(¢) = c1y1(¢)+
c2y2(t) is a particular solution of the equation

y =P(t)y + aigi(t) + caga(t), a <t <b.

Proof.
We have
Y, = (c1y1(t) + cayal(t))
= c1yy (t) + cays(t)
ci(P(t)y1 + g1(t)) + c2(P(t)y2 + 82(1))
P(t)(c1y1 + c2y2) + c181(t) + cag2(?)
= P(t)y, + cigi(t) + coga(t)

Example 40.1
Consider the system

(a) Find yp(1).
(b) Find y,(t).
(c) Find the general solution to the given system.

Solution.
(a) The characteristic equation is

1—r 2 o 9 B
' R (r—1°—-4=0
Thus, the eigenvalues are r; = —1 and r, = 3. An eigenvector corresponding
to r; = —1 is found as follows
2 2 I o 2[E1 + 21‘2 . 0
(P +1)xi {2 2H@]_{2xl+2x2]_{0}
Solving this system we find xo = —x1. Letting z; = 1 we find x5 = —1 and

an eigenvector is

o[
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Similarly, for ro = 3 we have
. -2 2 T . —2]31 + 21’2 . 0
(P —31)x, = { 2 —2} {xg] - { 22, — 215 } - {0}
Solving this system we find x5 = x;. Letting 1 = 1 we find 2o = 1 and an

eigenvector is
o — 1
S|

yu(t) = cre™ [ _11 ] + cpe { 1 }
(b) To find y,(t) we note first that
s =| S | = o |+t & | —atmo,

By Superposition Theorem above, we will find a particular solution to y’ =
P(t)y +gi1(t) as well as to y’ = P(t)y + g2(t). For the first equation, we use
the method of undetermined coefficients. That is, we seek a solution of the

Hence,

ax
a2
Substituting u, into the equation y’ = P(¢)y + g:(¢) to obtain

form u,(t) = e**a where a = is a constant vector to be determined.

2¢*'a = P(t)(e*)a + e* { (1) }

This equation reduces to

1 =2 ap | |1

—2 1 (05} N 0

: . !
Solving this system we find a = —3 9 |- Hence,
1 1

up(t) = —§€2t |: 9 :| .

Now, for the system y’ = P(t)y + g2(t) we consider the guess function

v,(t) = tb 4+ ¢ where b and c are vectors whose components are to be
determined. Substituting this guess into the differential equation we find

b:[; ﬂ(tbﬂ)ﬂ{_oz}
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and this reduces to

(2o 8] (2 2er)

Since the set {1,t} is linearly independent, the last equation implies the two

HIBED
HIBER

Solving these systems we find

2 [ 2 2 [ —4
b_ﬁ{—l}’ ‘79| 5

and

Hence,
2] 2 27

By the Superposition Theorem, we have

Yp(t) = uy(t) + v,u(t).

(c) The general solution is given by

o-se oo [1]- 53] 2 4] 35

The Variation of Parameters Method
Next, we consider a method for finding a particular solution to (25) and the
unique solution to the initial-value problem

y' =P(t) +g(t), y(to) =Yo (26)
To solve the above initial-value problem, we start by looking at a fundamental
set {y1,¥2, " ,¥n, } of the homogeneous equation. Then we construct the

fundamental matrix W(¢) = [y1 y2 -+ ¥a). Recall that ¥(¢) (See Section
33) satisfies the differential equation

U =Pt)¥, a<t<b.
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Now, since
y(t) =c1y1 + coya + -+ ey, = ¥(t)c

we “vary the parameter” and look for a solution to the initial-value prob-
lem (26) of the form y = ¥(¢)u(t), where u is an unknown vector to be
determined. Substituting this vector function into (26) to obtain

Y'(t)u(t) + W (t)u'(t) = P(t)¥(t)u(t) + g(t).

Using the fact that ¥ = P(¢)¥ the last equation reduces to

Since ¥(t) is a fundamental matrix, det(¥(t)) # 0 and this implies that the
matrix W(t) is invertible. Hence, we can write

u'(t) =& (1)g(1).

Integrating both sides we find

t) = u(ty) + /t: vl

where u(ty) is an arbitrary constant vector. It follows that the general solu-
tion to y' = P(t)y + g(t) is given by

y(t) =¥(t)u(t) = ¥(t)u(ty) + P(t / ¥l s)ds = yn(t) + y,(t)

where y,(t) = ¥(t)u(ty) and y,(t ) = WUt )ft gl

(s
y(to) = ¥ (to)u(ty) we have u(ty) = 1 (ty)y(to) and
the initial value problem is given by

)g(s)ds. Finally, since
the unique solution to

y(8) = ()T (o) (o) + T (1) / T (s)g(s)ds.

We refer to the last expression as the variation of parameters formula for
the solution of the initial-value problem.
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Remark 40.1
Consider the initial value problem

v =pt)y+gt), ylto) =yo, a<t<b.

t t
Clearly, {e/07®*1 is a fundamental set. Letting W(t) = el in the
variation of parameters formula we see that the unique solution is given by

t
y(t) = yoelio PO 4 ol P / e S0P g (5)ds
to

which is nothing than the method of integrating factor.

Example 40.2

Solution.

We first find a fundamental matrix of the linear system y’ = [ } } ] y. The

characteristic equation is

‘1—7“ 1

1 1_r‘:r(r—2)20

and has eigenvalues r; = 0 and ro = 2. We find an eigenvector corresponding
to r1 = 0 as follows.

I

It follows that x1 = —xs. Letting 1 = 1 then x5 = —1 and an eigenvector is

o [4]

An eigenvector corresponding to ry = 2

I b i e
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Solving we find x1 = x5. Letting 1 = 1 we find x5 = 1 and an eigenvector is

< — 1
S|
Thus, a fundamental matrix is
1 €2t
v = { —1 e? } '

_ 1 —1

But the variation of parameters formula is

Therefore,

y(0) = B Oy(0)+ () [ (el

Thus,
1 2t

y(t) = { . ;t } Jros { eis } ds

1 e? 1e? —1
- {—1 e ] (0'25){ 2t ]

e?t — 1+ 2te }

= 02 [ —(e* —1) + 2te*
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Practice Problems

In Problems 40.1 - 40.3, we consider the initial value problem y’ = Py +
g(ﬂ? Y(t()) =Yo-

(a) Find the eigenpairs of the matrix P and form the general homogeneous
solution of the differential equation.

(b) Construct a particular solution by assuming a solution of the form sug-
gested and solving for the undetermined constant vectors a,b, and c.

(¢) Form the general solution of the nonhomogeneous differential equation.
(d) Find the unique solution to the initial value problem.

Problem 40.1

Try y,(t) = a.
Problem 40.2

Try y,(t) =ta+Db.

[ -3 2], [sint o
y = 4 3 y 0 y Yo = 0

Try y,(t) = (sint)a + (cost)b.

Problem 40.3

Problem 40.4
Consider the initial value problem

y' = { _02 g}erg(t), Y(g) = Yo.

Suppose we know that
14 sin2¢
y(t) = [ el + cos 2t ]

is the unique solution. Determine g(t) and ysy.

121



Problem 40.5
Consider the initial value problem

<[ s (4]

Suppose we know that
| tt«a
v =| 5%

is the unique solution. Determine g(t) and the constants o and (.

Problem 40.6
Let P(t) be a 2 x 2 matrix with continuous entries. Consider the differ-

ential equation y’ = P(t)y + g(t). Suppose that y,(t) = { ;t } is the

_ t

solution to y’ = P(t)y + [ 0 } and yo(t) = [ jl } is the solution to

y =Pty + _6 . Determine P(t). Hint: Form the matrix equation

1
1 v = Ply:1 yo| + [g1 g2)-

Problem 40.7

Consider the linear system y’ = Py + b where P is a constant matrix and b
is a constant vector. An equilibrium solution, y(t), is a constant solution
of the differential equation.

(a) Show that y’ = Py + b has a unique equilibrium solution when P is
invertible.

(b) If the matrix P is not invertible, must the differential equation y’ =
Py +b possess an equilibrium solution? If an equilibrium solution does exist
in this case, is it unique?

Problem 40.8
Determine all the equilibrium solutions (if any).

=[5 A
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Problem 40.9
Determine all the equilibrium solutions (if any).

1 1 0 2
y=10 -1 2|y+|3
0 0 1 2
Consider the homogeneous linear system y’ = Py. Recall that any associ-

ated fundamental matrix satisfies the matrix differential equation ¥’ = PW,
In Problems 40.10 - 40.12, construct a fundamental matrix that solves the
matrix initial value problem ¥ =PW¥, W¥(t)) = P¥,.

Problem 40.10

IR IN

Problem 40.11

IR

Problem 40.12

SR TOE

In Problems 40.13 - 40.14, use the method of variation of parameters to solve
the given initial value problem.

Problem 40.13

o[ e 6] o [2]
Problem 40.14
o3[ o [2]
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41 Solving First Order Linear Systems with
Diagonalizable Constant Coefficients Ma-
trix

In this section we discuss a method for solving the initial value problem

y =Py +gt), y(to) =yo, a<t<b

where P is a nondefective constant matrix and the entries of g(t) are contin-
uous in a < t < b.. This type of matrices is always diagonalizable, a concept
that we will introduce and discuss below.

Similar Matrices

An n x n matrix A is said to be similar to an n x n matrix B if there is an
invertible n x n matrix T such that T"'AT = B. Note that if we let R = T~}
then B = RAR ! so whether the inverse comes first or last does not matter.
Also, note that from this definition we can write A = (T~')"'BT ! so that
the matrix B is similar to A. That’s why, in the literature one will just say
that A and B are similar matrices.

The first important result of this concept in the following theorem.

Theorem 41.1
If A and B are similar then they have the same characteristic equation and
therefore the same eigenvalues.

Proof.
Since A and B are similar, B = T~!AT for some invertible matrix T. From
this one notices the following

det(A —rI) = det(T™*(A —rI)T) =
= det(T (AT — rI) = det(B — rI)
This shows that A and B have the same characteristic equation and there-
fore the same eigenvalues. We point out the following equality that we used

in the above discussion: det(T™'T) = det(T~1)det(T) = det(I) =1 m

The second important result is the following.
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Theorem 41.2
Suppose that W(t) is a solution to the system y’ = By and B and A are
similar matrices with B = T"'AT. Then y(t) = TW(#) is a solution to

y = Ay.

Proof.

Since W (t) is a solution to y’ = By we have W = BW. But B = T AT so
we can write W = T"'ATW. Thus, TW’ = ATW. That is, (TW(t)) =
A(TW). But this says that y(t) = TW(¢) is a solution to y' = Ay m

Diagonalizable Matrices
An n x n matrix A is said to be diagonalizable if there is an invertible
matrix T such that

d 0 0 0
0 d 0 --- 0
T'AT=D=| 0 0 d5 --- O
0 0 0 dy |

In other words, the matrix A is similar to a diagonal matrix.
Our first question regarding diagonalization is the question of whether every
square matrix is diagonalizable.

Example 41.1
Show that the matrix

0 1
=10
is not diagonalizable.

Solution.
If A is diagonalizable then we expect to find an invertible matrix T =

[ Z Z ] such that T7'AT is a diagonal matrix. But

1 d —b 01 a b 1 cd  d?
-1 o
T AT_ad—bc{—c a}[O O}{c d:|ad—bc|:—c2 —cd]
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Now, if ¢ = 0 then d # 0 and therefore the above product does not result
in a diagonal matrix. Similar argument applies if d = 0. Hence, the given
matrix is not diagonalizable m

Note that the above matrix does not have a full set of eigenvectors. Indeed,
the characteristic equation of the matrix A is

—r 1
0 —r| 0
Expanding the determinant and simplifying we obtain
2
r* = 0.

The only eigenvalue of A is r = 0. Now, an eigenvector is found as follows.

o] [n]=15]=1]

Thus, we find that zo = 0 and x; is arbitrary. Hence, an eigenvector is

[}

Since the geometric multiplicity of » = 0 is less than its algebraic multiplicity,
A is defective.

So, is having a full set of eigenvectors results in the matrix to be diagonaliz-
able? The answer to this question is provided by the following theorem.

Theorem 41.3
An n x n matrix A is diagonalizable if and only if it has a set of n linearly
independent eigenvectors.

Proof.

(=) : Suppose first that A is diagonalizable. Then there are an ivnertible
matrix T and a diagonal matrix D such that T-'AT = D. By Theorem 41.1,
the diagonal entries of D are the eigenvalues of A. Now, let ¢q,cq, -+ , ¢, be
the n columns of T so that T = [¢; ¢ --- ¢,]. Since T"'AT = D we have
AT = TD. That is,

Tl 0 O [P 0
0 79 o --- 0
A[C1C2"‘cn]:[c1CQ"‘cn] O 0 Ty - 0
0 0 0 o |

126



where rq,79,--- , 7, are the eigenvalues of A. The above matrix equation is

the same as

[Ac; Acy -+ Ac,]| = [ricy mcy -+ TpCy)

and this equality yields
Acy = ric1, Acy = ryco, -, Ac, =r,c,.
This shows that the eigenvectors of A are just the columns of T. Now, if
e+ cAca+ -+ e, =[ci ¢y -+ ¢yl =0

then the invertibility of T forces ¢ = 0. This shows that the columns of T,
and therefore the eigenvectors of A, are linearly independent.

(«<=) : Now, suppose that A has n linearly independent eigenvectors cy, co, - - -

with corresponding eigenvalues ry, 79, -+ ,7,. Let T =[c; ¢y -+ ¢,] and D
be the diagonal matrix with diagonal entries r1, 79, ,7,. Then AT = TA.
Also, since the eigenvectors are linearly independent, T is invertible and
therefore T-'AT = D. This shows that A is diagonalizable m

Remark 41.1

We have seen in Section 39 that real symmetric matrices and Hermitian
matrices have full set of eigenvectors. According to the previous theorem
these matrices are always diagonalizable.

Solution Method of First Order Linear Systems by Uncoupling
We finally describe a method based on matrix diagonalization for solving the
initial value problem

y =Py +gl(t), y(to) =yo, a<t<b. (27)
where the components of g(t) are continuous in a < t < b and the matrix P

is a diagonalizable constant matrix, that is, there is an invertible matrix T
such that

rr 0 0 0
0 r 0 0
T'PT=D=| 0 0 r3 0
0 0 0 I
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where ry, 79, -+, are the eigenvalues of P. Thus, P = TDT!. Substitut-
ing into the differential equation we find

y' = TDT 'y + g(t)

(T~ 'y) =D(T 'y) + T 'g(t).

Letting z(t) = T~y then the previous equation reduces to

7' (t) = Dz(t) + T 'g(t).

Letting
21 hl Z?
29 _ ho _ 2(2)
)= | 7|, Tle)=| . |, #(t) =T 'y =
Zn h., 20
We can write
Zi r1z1 hl
Zé 929 h2
= +
2! TnZn P

Thus, for 1 < i < n we have the scalar initial value problem
2 =1z + hy, 2zi(te) = 2.

Solving this equation using the method of integrating factor we find

t
zi(t) = erit=to) ;0 —|—/ e~ h(s)ds, 1<i<n.

to

Having found the vector z(t) we then find the solution to the original initial
value problem by forming the matrix product y(t) = Tz(t).

Example 41.2
Solve the following system by making the change of variables y = Tz.

1],y ¢
Y =192 2|YT| —t+3
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Solution.
The characteristic equation is

‘1—7’ 1

1 2_r‘:r(r—3)20

Thus, the eigenvalues are r, = 0 and 7, = 3. An eigenvector corresponding
to r1 = 0 is found as follows

o 11 T . 1+ To . 0

(P + 0T)x, = {2 2} {@}_ {2x1+2m2}_ [0}
Solving this system we find x; = —x5. Letting 9 = —1 we find z; = 1 and
an eigenvector is

1
s 4]
Similarly, for ro = 3 we have
- -2 1 T . —2.771 + Zo . 0
e | 540 =0

Solving this system we find 2z, = x5. Letting 1 = 1 we find 25 = 2 and an
eigenvector is
2]
X2 = |,

Therefore

Thus,

That is,
21 = t—1
zh = 3z +1
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Solving this system we find

142
st —t+01
— 2
z(t) = [ % et ]

Thus, the general solution is

11 2 —t+c 1 et c1 42—t -1
— — 2 — _ 2 3
y(t) = Ta(t) = { ~1 2} { —s+eed | T -1 2% || o —st?+t— 2 .
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Practice Problems

In Problems 41.1 - 41.4, the given matrix is diagonalizable. Find matrices T
and D such that T~!PT = D.

Problem 41.1

Problem 41.2

2 3
P[5 5]

Problem 41.3
1 2
P[5 1]

Problem 41.4
-2 2
= 5]

In Problems 41.5 - 41.6, you are given the characteristic polynomial for the
matrix P. Determine the geometric and algebraic multiplicities of each eigen-
value. If the matrix P is diagonalizable, find matrices T and D such that
T-'PT = D.

Problem 41.5

7T =2 2
P=| 8 —1 4 |, p(r)=(r—3)>*r+1).
-8 4 -1
Problem 41.6
5 -1 1
P=|14 -3 6|, p(r)=(r—2)>%r-3).
5 =25
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Problem 41.7

At leat two (and possibly more) of the following four matrices are diagonal-
izable. You should be able to recognize two by inspection. Choose them and
give a reason for your choice.

w58 w[ss] @ L] @ ]

Problem 41.8
Solve the following system by making the change of variables y = Tz.

, | -4 -6 n e?t — 2¢t
A BN A o
Problem 41.9
Solve the following system by making the change of variables y = Tz.
;|32 4t + 4
y_l1 4 | YT ot
Problem 41.10
Solve the following system by making the change of variables x = Tz.

x" = 0 7 X
—15 —-16
Problem 41.11

Solve the following system by making the change of variables x = Tz.

no |4 2
X—|:21 X
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42 Solving First Order Linear Systems Using
Exponential Matrix

The matrix exponential plays an important role in solving systems of linear
differential equations. In this section, we will define such a concept and study
some of its important properties.

Recall from calculus the power series expansion of e' given by

t 2 ¢
t— —_— —_— —_— e e — J—
R T TR i Zon!

and this series converges for all real numbers ¢.

To develop something similar with number ¢ replaced by a matrix A one
proceeds as follows: The absolute value used for measuring the distance
between numbers is now replaced by a matrix norm given by

Next, we construct the sequence of partial sums

S1 = I+4
s - 1els

Sn = I+4&+...+4

n!

With little effort which we don’t pursue here, it can be shown that the
sequence of partial sums converges and its limit is denoted by e®. That is,

lim S, = ®

n—oo
or
A Az A3 A"
A— — — — ERE R R — —
S TR T _Zn!

n=0

and this series converges for any square matrix A.

Example 42.1
Suppose that

Find e?.
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Solution.
One can easily see that for any nonnegative odd integer n we have

W [0
w4

and for nonnegative even integer n

oe[5 2]

0 t"
Thus,
2n 2n+1
oA — Dm0 th)v 2 om0 m . { cosht sinht ]
— t n+1 t2n = .
ZZOZO @t ZZOZO )l sinh¢ cosht

The following theorem describes some of the important properties of the
exponential matrix.

Theorem 42.1

(i) If AB = BA then eA*B = ¢AcB,

(ii) For any square matrix A, e® is invertible with (e®)™! = e~4.

(iii) For any invertible n x n matrix P and any n X n matrix A
eP_lAP — P_1€AP

(Thus, if A is similar to B; then e? is similar to e®).

(iv) If A has eigenvalues ry, r9, ---, 7, (not necessarily distinct), then e

has eigenvalues e, e™,...  e™.

(v) det(e®) = ™),

(vi) Ae® = e2A.

A

When dealing with systems of differential equations, one has often to deal
with expressions like eF!, where P(t) is a matrix and ¢ is a real number or
real variable. With the above formula of the exponential matrix function we
get

Pt P22 =, P
Pt— — o e 0
e’ =1+ T R § .

n!
n=0
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Let’s find the derivative of e¥*. To prove this, we calculate this derivative via
the usual limit formula:

iePt b 6P(t+h) — Pt
dt h—0 h

But
 P(t+h) _ Pt Ph

since Pt and Ph commute.(These matrices are scalar multiples of the same
matrix P, and P commutes with itself.) Going back to the derivative, we get

P(t+h) _ Pt
L Pt —fim & ¢
dt h—0 h
Ph _
—eP lim &
h—0
=eP! lim 1 Ph + lP2h2 + lP3h3 4.
h—0 h 21 3!

=eP'P = PeP
Now, consider the initial value problem

y =Py +g(t), y(to) =yo, a<t<b

where P is a constant square matrix and the entries of g(t) are continuous
in a <t <b. Then one has

y' — Py =g(t)
(¢Ptly) e P

t
e Pl=t)y —yo —|—/ e Plt)g(s)ds
to

t
y(t) :e(t*tO)Pyo +/ e(tfs)Pg(s)ds

to
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Remark 42.1

The above procedure does not apply if the matrix P is not constant! That
is, £eP® £ P'(t)eP®. This is due to the fact that matrix multiplication is
not commutative in general.

Example 42.2

6 9
. Pt : _
Find e 1fP—[_4 —6}'

Solution.
Since P2 = 0 we find

P =1+tP = { 1j46t 1—9615] u
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Practice Problems

Problem 42.1
0 2
nd PO P —
Find e if P {_2 0].
Problem 42.2
Consider the linear differential system

, [ 1 4
y =Py, P—[_l _3]

(a) Calculate eP!. Hint: Every square matrix satisfies its characteristic equa-
tion.

(b) Use the result from part (a) to find two independent solutions of the
differential system. Form the general solution.

Problem 42.3
Show that if

d 0 0
D=0 d; O
0 0 ds
then
e 0 0
P = 0 e2 0
0 0 e

Problem 42.4
Solve the initial value problem

, 3 0 B

Problem 42.5
Show that if r is an eigenvalue of P then e” is an eigenvalue of eF.

Problem 42.6

Show that det(e®) = e"™). Hint: Recall that the determinant of a matrix
is equal to the product of its eigenvalues and the trace is the sume of the
eigenvalues. This follows from the expansion of the characteristic equation
into a polynomial.
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Problem 42.7
Prove: For any invertible n x n matrix P and any n x n matrix A

1 _
6P AP:P 16AP

(Thus, if A is similar to B; then e? is similar to €B).

Problem 42.8
Prove: If AB = BA then eA1tB = ¢AeB,

Problem 42.9
Prove: For any square matrix A, e? is invertible with (e®)™! = e™4.

Problem 42.10
Consider the two matrices

Lo S

Show that AB # BA and eAB £ cAeh,
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43 The Laplace Transform: Basic Definitions
and Results

Laplace transform is yet another operational tool for solving constant coeffi-
cients linear differential equations. The process of solution consists of three
main steps:

e The given “hard” problem is transformed into a “simple” equation.

e This simple equation is solved by purely algebraic manipulations.

e The solution of the simple equation is transformed back to obtain the so-
lution of the given problem.

In this way the Laplace transformation reduces the problem of solving a dif-
ferential equation to an algebraic problem. The third step is made easier by
tables, whose role is similar to that of integral tables in integration.

The above procedure can be summarized by Figure 43.1

DE to be Determine Bolve Deterrriine Solution
galved | g l| aplace - w-{ Algebraic  —m|Inverse ®inthe DE
Transform Equation Transform
Figure 43.1

In this section we introduce the concept of Laplace transform and discuss
some of its properties.

The Laplace transform is defined in the following way. Let f(¢) be defined
for ¢ > 0. Then the Laplace transform of f, which is denoted by L[f(¢)]
or by F(s), is defined by the following equation

LIf(t)] =F(s) = lim/0 f(t)e—stdt:/ooo f(t)e*dt

T—o00

The integral which defined a Laplace transform is an improper integral. An
improper integral may converge or diverge, depending on the integrand.
When the improper integral in convergent then we say that the function f(t)
possesses a Laplace transform. So what types of functions possess Laplace
transforms, that is, what type of functions guarantees a convergent improper
integral.

Example 43.1
Find the Laplace transform, if it exists, of each of the following functions

(a) f(t) =€ () f() =1 () f(t) =t (d) f(t)=¢"
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Solution.
(a) Using the definition of Laplace transform we see that

00 T
Lle™] :/ e~ =gt = lim e~ 5t gt
0

T—o0 [
but T T if s=a
/ e~ (=t — { lee—(s—a)T .
0 —— ifs#a.
For the improper integral to converge we need s > a. In this case,
Ll = Fls) = ——, s>a
s—a

(b) In a similar way to what was done in part (a), we find

00 T
1
L[1] = / e Stdt = lim e dt = -, s> 0.
0 S

T—o00 0

o] t —st —st] 1
L[] :/ te~stdt = {— <= 1 ==, s>0.
0

2 @27
s 52 1, s

(d) Again using the definition of Laplace transform we find

Lle"] :/ e st
0

If s < 0 then t2—st > 0 so that e~ > 1 and this implies that fooo e’ =stdt >
fooo . Since the integral on the right is divergent, by the comparison theorem
of improper integrals (see Theorem 43.1 below) the integral on the left is also
divergent. Now, if s > 0 then [;°e'*~*)dt > [ dt. By the same reasoning
the integral on the left is divergent. This shows that the function f(t) = e’
does not possess a Laplace transform m

The above example raises the question of what class or classes of functions
possess a Laplace transform. Looking closely at Example 43.1(a), we notice
that for s > a the integral fooo e~ (=9t dt is convergent and a critical compo-
nent for this convergence is the type of the function f(t). To be more specific,
if f(t) is a continuous function such that

|f(t)] < Me™, t>C (28)
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where M > 0 and a and C' are constants, then this condition yields

00 C [eS)
/ f(t)e stdt < / fe stdt + M / e~ 5matgt,
0 0 c

Since f(t) is continuous in 0 < ¢t < C| by letting A = max{|f(¢)|: 0 <t < C}

we have
c c 1 e—C
/ f(t)e *tdt < A/ e dt = A (— - ) < 00.

On the other hand, Now, by Example 43.1(a), the integral [ e~ (5=tdt is
convergent for s > a. By the comparison theorem of improper integrals (see
Theorem 43.1 below) the integral on the left is also convergent. That is, f(t)
possesses a Laplace transform.

We call a function that satisfies condition (28) a function with an exponen-
tial order at infinity. Graphically, this means that the graph of f(¢) is
contained in the region bounded by the graphs of y = Me® and y = —Me*
for t > C. Note also that this type of functions controls the negative expo-
nential in the transform integral so that to keep the integral from blowing
up. If ' =0 then we say that the function is exponentially bounded.

Example 43.2
Show that any bounded function f(¢) for ¢ > 0 is exponentially bounded.

Solution.

Since f(t) is bounded for ¢ > 0, there is a positive constant M such that
|f(t)| < M for all t > 0. But this is the same as (28) with a = 0 and C' = 0.
Thus, f(t) has is exponentially bounded m

Another question that comes to mind is whether it is possible to relax the
condition of continuity on the function f(t). Let’s look at the following situ-
ation.

Example 43.3
Show that the square wave function whose graph is given in Figure 43.2
possesses a Laplace transform.
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| p— — —
6 1 2 3 4
Figure 43.2

Note that the function is periodic of period 2.

Solution.

Since f(t)e " < e~ we have [ f(t)e*'dt < [;° e *'dt. But the integral on
the right is convergent for s > 0 so that the integral on the left is convergent
as well. That is, L[f(¢)] exists for s > 0 m

The function of the above example belongs to a class of functions that we
define next. A function is called piecewise continuous on an interval if
the interval can be broken into a finite number of subintervals on which the
function is continuous on each open subinterval (i.e. the subinterval without
its endpoints) and has a finite limit at the endpoints (jump discontinuities
and no vertical asymptotes) of each subinterval. Below is a sketch of a
piecewise continuous function.

| TN

Figure 43.3

Note that a piecewise continuous function is a function that has a finite
number of breaks in it and doesnt blow up to infinity anywhere. A function
defined for ¢ > 0 is said to be piecewise continuous on the infinite in-
terval if it is piecewise continuous on 0 < ¢ < T for all T > 0.

Example 43.4
Show that the following functions are piecewise continuous and of exponential
order at infinity for t > 0
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(a) f(t)=t" (b) f(t) =t"sinat

Solution.
(a) Since ef = S °° >

n=0 nl = pb
tinuous and exponentially bounded.
(b) Since [t"sinat| < nle!, we have t" sinat is piecewise continuous and ex-

ponentially bounded m

we have t" < nle!. Hence, t" is piecewise con-

Next, we would like to establish the existence of the Laplace transform for
all functions that are piecewise continuous and have exponential order at
infinity. For that purpose we need the following comparison theorem from
calculus.

Theorem 43.1
Suppose that f(t) and g(t) are both integrable functions for all ¢ > t, such
that |f(t)] < |g(t) for t > to. If [” g(t)dt is convergent, then [ f(t)dt is
also convergent. If, on the other hand, ftzo f(t)dt is divergent then j;zo f@t)dt
is also divergent.

Theorem 43.2 (Eristence)
Suppose that f(t) is piecewise continuous on ¢ > 0 and has an exponential
order at infinity with |f(t)] < Me® for t > C. Then the Laplace transform

F(s) = /000 f(t)e *dt

exists as long as s > a. Note that the two conditions above are sufficient, but
not necessary, for F'(s) to exist.

Proof.
The integral in the definition of F'(s) can be splitted into two integrals as
follows

/000 F(t)estdt = /OC F(t)e"tdt + /COO F(t)e—"tdt.

Since f(t) is piecewise continuous in 0 < ¢ < (), it is bounded there. By
letting A = max{|f(t)] : 0 <t < C} we have

C C 1 e*SC
/ f(t)e *tdt < A/ e dt = A (— — ) < o0.
0 0 S S
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Now, by Example 43.1(a), the integral fgo f(t)e~stdt is convergent for s > a.
By Theorem 43.1 the integral on the left is also convergent. That is, f(t)
possesses a Laplace transform m

In what follows, we will denote the class of all piecewise continuous func-
tions with exponential order at infinity by PE. The next theorem shows that
any linear combination of functions in P& is also in PE. The same is true for
the product of two functions in PE.

Theorem 43.3
Suppose that f(t) and g(t) are two elements of PE with

|f(t)‘ S Mle‘“t, t Z Cl and |g(t)| S Mgealt, t Z CQ.

(i) For any constants o and 3 the function a.f(t) + 8g(t) is also a member of
PE. Moreover

Llaf(t) + By(t)] = aL]f ()] + BLIg(L)].
(ii) The function h(t) = f(t)g(t) is an element of PE.

Proof.

(i) It is easy to see that af(t) 4+ Bg(t) is a piecewise continuous function.
Now, let C' = C; + Cy, a = max{ay, a2}, and M = |a|M; + |3| M. Then for
t > C we have

o f (t) + Bg(B)] < |allf ()] + [Bllg(t)] < [af Mie™" + |B|Mae™" < Me™.

This shows that af(t) + Sg(t) is of exponential order at infinity. On the
other hand,

Llaf(t) + Bg(t)] = limy o fy [af () + Bo(t)]dt
= alimr_ fOTf(t)dt + Blimr_ o fOTg(t)dt

— aL[f(t)] + BL[g(1)]

(ii) It is clear that h(t) = f(t)g(t) is a piecewise continuous function. Now,
letting C' = C14+Cy, M = MM, and a = a1+ a then we see that for t > C
we have

(O] = [f(B)llg(t)] < My Mpel o2 = Me.
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Hence, h(t) is of exponential order at infinity. By Theorem 43.2 , L[h(t)]
exists for s > a W

We next discuss the problem of how to determine the function f(t) if F'(s)
is given. That is, how do we invert the transform. The following result on
uniqueness provides a possible answer. This result establishes a one-to-one
correspondence between the set PE and its Laplace transforms. Alterna-
tively, the following theorem asserts that the Laplace transform of a member
in PE is unique.

Theorem 43.4
Let f(t) and g(t) be two elements in PE with Laplace transforms F'(s) and
G(s) such that F(s) = G(s) for some s > a. Then f(t) = g(t) for all £ > 0

where both functions are continuous.

The standard techniques used to prove this theorem( i.e., complex analysis,
residue computations, and/or Fourier’s integral inversion theorem) are gen-
erally beyond the scope of an introductory differential equations course. The
interested reader can find a proof in the book ”Operational Mathematics”
by Ruel Vance Churchill or in D.V. Widder ”The Laplace Transform”.
With the above theorem, we can now officially define the inverse Laplace
transform as follows: For a piecewise continuous function f of exponential
order at infinity whose Laplace transform is F, we call f the inverse Laplace
transform of F' and write f = £L7[F(s)]. Symbolically

f(t) = L7[F(s)] <= F(s) = LIf(1)].

Example 43.5
Find £7! (ﬁ) , s> 1.

Solution.
From Example 43.1(a), we have that L[e*] = Sia, s > a. In particular, for
a =1 we find that L[e'] = 1=, s > 1. Hence, L7 (5) =€, t >0 m.

The above theorem states that if f(¢) is continuous and has a Laplace trans-
form F'(s), then there is no other function that has the same Laplace trans-
form. To find L7'[F(s)], we can inspect tables of Laplace transforms of
known functions to find a particular f(¢) that yields the given F'(s).

When the function f(¢) is not continuous, the uniqueness of the inverse
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Laplace transform is not assured. The following example addresses the
uniqueness issue.

Example 43.6
Consider the two functions f(t) = h(t)h(3 —t) and g(t) = h(t) — h(t — 3).

(a) Are the two functions identical?
(b) Show that L[f(t)] = L[g(t).

Solution.
(a) We have
1, 0<t<3
Ft) = { 0, t>3
and

1, 0<t<3
g(t):{o t>3

So the two functions are equal for all £ # 3 and so they are not identical.
(b) We have

1 — 6733

S

,s > 0.

CIf(t)] = Llg(t)] = / estdt =

Thus, both functions f(¢) and g(¢) have the same Laplace transform even
though they are not identical. However, they are equal on the interval(s)
where they are both continuous m

The inverse Laplace transform possesses a linear property as indicated in
the following result.

Theorem 43.5
Given two Laplace transforms F'(s) and G(s) then

L aF(s) +bG(s)] = alL M [F(s)] + bLG(s)]
for any constants a and b.

Proof.
Suppose that L[f(t)] = F(s) and
al[f ()] + bL]g(t
bg(t) = aL[F (s

D

l9()] = G(s). Since Llaf(t) + bg(1)] =
aF(s) + bG(s) we have L7 [aF(s) + bG(s)] = af(t) +

~— —
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Practice Problems

Problem 43.1
Determine whether the integral [
verges, give its value.

1
1+¢2

dt converges. If the integral con-

Problem 43.2
Determine whether the integral fooo
verges, give its value.

t

pzdt converges. If the integral con-

Problem 43.3
Determine whether the integral [~ e~ cos (e7*)dt converges. If the integral
converges, give its value.

Problem 43.4
Using the definition, find L[e*], if it exists. If the Laplace transform exists
then find the domain of F(s).

Problem 43.5
Using the definition, find L[t — 5], if it exists. If the Laplace transform exists
then find the domain of F'(s).

Problem 43.6
Using the definition, find £[e®°], if it exists. If the Laplace transform
exists then find the domain of F(s).

Problem 43.7
Using the definition, find L£[(t — 2)?], if it exists. If the Laplace transform
exists then find the domain of F(s).

Problem 43.8

Using the definition, find L[f(¢)], if it exists. If the Laplace transform exists
then find the domain of F(s).

0, 0<t<1
f(t>—{t—1, t>1
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Problem 43.9
Using the definition, find L[f(t)], if it exists. If the Laplace transform exists
then find the domain of F(s).

0, 0<t<1
floy=¢ t—1, 1<t<?2
0, t>2.

Problem 43.10
Let n be a positive integer. Using integration by parts establish the reduction

formula .
tn —S
/t"e“dt S + E/t"les"/dzﬁ, s> 0.

S S

Problem 43.11
For s > 0 and n a positive integer evaluate the limits

lim;_, t"e %t (b) limy o t"e™ %

Problem 43.12
(a) Use the previous two problems to derive the reduction formula for the
Laplace transform of f(t) = ",

L[t = gﬁ[t”_l], s> 0.

(b) Calculate L[t*], for k =1,2,3,4,5.
(c) Formulate a conjecture as to the Laplace transform of f(¢),¢" with n a
positive integer.

From a table of integrals,

au _ au asin fu— 3 sin fu
f e*sin fudu = e o
[ e* cos fudu = e““%ﬁ?imﬁu

Problem 43.13
Use the above integrals to find the Laplace transform of f(t) = coswt, if it
exists. If the Laplace transform exists, give the domain of F(s).

Problem 43.14
Use the above integrals to find the Laplace transform of f(t) = sinwt, if it
exists. If the Laplace transform exists, give the domain of F'(s).
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Problem 43.15
Use the above integrals to find the Laplace transform of f(t) = cosw(t — 2),
if it exists. If the Laplace transform exists, give the domain of F(s).

Problem 43.16
Use the above integrals to find the Laplace transform of f(t) = e sint, if it
exists. If the Laplace transform exists, give the domain of F'(s).

Problem 43.17
Use the linearity property of Laplace transform to find L[5e~" + ¢ + 2¢2].
Find the domain of F(s).

Problem 43.18
Consider the function f(t) = tant.

(a) Is f(t) continuous on 0 < ¢ < oo, discontinuous but piecewise contin-
uous on 0 <t < oo, or neither?
(b) Are there fixed numbers a and M such that |f(t)] < Me™ for 0 <t < 00?

Problem 43.19
Consider the function f(t) = t?e~".

(a) Is f(t) continuous on 0 < ¢t < oo, discontinuous but piecewise contin-
uous on 0 <t < oo, or neither?
(b) Are there fixed numbers a and M such that |f(t)] < Me™ for 0 <t < 0o?

Problem 43.20
Consider the function f(t) =

2
e
e?t+1°

(a) Is f(t) continuous on 0 < ¢t < oo, discontinuous but piecewise contin-
uous on 0 <t < oo, or neither?
(b) Are there fixed numbers a and M such that |f(t)] < Me™ for 0 < t < 0o?

Problem 43.21
Consider the floor function f(t) = [t], where for any integer n we have
[t] =nforalln <t<n+l.

(a) Is f(t) continuous on 0 < ¢ < oo, discontinuous but piecewise contin-
uous on 0 <t < oo, or neither?

(b) Are there fixed numbers a and M such that |f(t)] < Me™ for 0 <t < 00?
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Problem 43.22
Find £ ().

s—2

Problem 43.23

Find £7' (-5 + ) -

s+1

Problem 43.24

Find £~} (L + ﬁ) .

s+2
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44 Further Studies of Laplace Transform

Properties of the Laplace transform enable us to find Laplace transforms
without having to compute them directly from the definition. In this sec-

tion, we establish properties of Laplace transform that will be useful for
solving ODEs.

Laplace Transform of the Heaviside Step Function
The Heaviside step function is a piecewise continuous function defined by

1, t>0
h(t):{o t<0

Figure 44.1 displays the graph of h(t).

y

1 t
Figure 44.1

Taking the Laplace transform of h(t) we find

Lh()] = /O (et = /0 " sty [_“tr ~Lsn

S Jo

A Heaviside function at « > 0 is the shifted function h(t — «) (« units to the
right). For this function, the Laplace transform is

Lh(t — )] = /0 N h(t — a)e ™ dt = /a

(e}

6—stdt _ |:_ est:| o0 P

= , s> 0.

S S

«

Laplace Tranform of e%
The Laplace transform for the function f(t) = e* is

o —(s—a)t]>® 1
L[eat] _ / 6_(S_a)tdt — |:_€ :| — , > a.
0 0

sS—a
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Laplace Tranforms of sinat and cosat
Using integration by parts twice we find

L][sin at] = Jo° e sin atdt
_ [ e’Stssinat _ ae Sizcosat] Z_;fo o=t sin atdl
= -5 — ;’“—jﬁ[sin at]
(52;—2‘12> Llsinat] = %
L[sin at] = a4z 8>0

A similar argument shows that
L[ t] 2 s>0
cosat] = , S :
52 + a?

Laplace Transforms of coshat and sinh at
Using the linear property of £ we can write

L[coshat] = (Lle™] + L]e~™])

1
2

= 2 (GE ), s>l

s—a st+a
S
= ==, 5> |al
A similar argument shows that

L[sinat] = s> |al.

82_a2’

Laplace Transform of a Polynomial
Let n be a positive integer. Using integration by parts we can write

o0 the sl o [
/ te dt = — { } + — / t"lemst .
0 § 0 S Jo

By repeated use of L’Hopital’s rule we find lim;_,o t"e 5" = limy_, o,
for s > 0. Thus,

n!
snest

cft] =", s> o

S
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Using induction on n = 0,1,2,--- one can easily eastablish that

n!
3n+1 )

L[t"] = s > 0.

Using the above result together with the linearity property of £ one can find
the Laplace transform of any polynomial.

The next two results are referred to as the first and second shift theorems.
As with the linearity property, the shift theorems increase the number of
functions for which we can easily find Laplace transforms.

Theorem 44.1 (First Shifting Theorem)
If f(t) is a piecewise continuous function for ¢ > 0 and has exponential order
at infinity with |f(¢)| < Me*, ¢ > C, then for any real number o we have

Lleft))=F(s—a), s>a+a
where L[f(t)] = F(s).

Proof.
From the definition of the Laplace transform we have

Ll £(1)] = /0 et F (1)t — /0 ==t £ (1) dt.

Using the change of variable = s — a the previous equation reduces to

clepe) = [ St - | ")t = F(8) = F(s-a), s> atan

0 0

Theorem 44.2 (Second Shifting Theorem)

If f(t) is a piecewise continuous function for ¢ > 0 and has exponential order
at infinity with |f(¢)] < Me™, t > C, then for any real number a > 0 we
have

L[f(t —a)h(t —a)l=e¥F(s), s>a
where L[f(t)] = F(s) and h(t) is the Heaviside step function.

Proof.
From the definition of the Laplace transform we have

o0

LIf(t —a)h(t —a)] = /OOO f(t —a)h(s — a)e *dt = / f(t —a)e*dt.

153



Using the change of variable g =t — a the previous equation reduces to
LIft—a)h(t —a)] = Jo f(B)ePras

= e [T f(B)eFdp =e**F(s), s>am

Example 44.1
Find

(a) L[e*t?] (b) L[e¥ cos2t] (c) L7 e *s?]

Solution.

(a) By Theorem 44.1, we have L[e*t?] = F(s — 2) where L[t?] = & =
F(s), s > 0. Thus, L[e*t?] = ﬁ, s> 2.

(b) As in part (a), we have L[e3 cos 2t] = F(s—3) where L[cos2t] = F(s—3).

But Llcos2t] = 5, s > 0. Thus,
3t . s—3
[,[6 CcOs Qt] = m, s§>3

(c) Since L[t] = %, by Theorem 44.2, we have

672t

C = L[t —2)h(t —2)).

52

Therefore,

—2t
e g, S 0, 0<t<2
L {82]_(15 2)h(t 2)_{t—2, i>om

The following result relates the Laplace transform of derivatives and integrals
to the Laplace transform of the function itself.

Theorem 44.3
Suppose that f(¢) is continuous for ¢ > 0 and f’(¢) is piecewise continuous
of exponential order at infinity with |f/(t)] < Me®, ¢ > C' Then

(a) f(t) is of exponential order at infinity.

(b) L[f'()] = sLLf(#)] — f(0) = sF(s) — f(0), s > max{a,0} + 1.
(c) LIf"(®)] = $*LIf#)] — sf(0) — f/(0) = s*F(s) — s£(0) — f(0), s >
max{a,0} + 1.

(@) £ |f; f()d

s

} z:[;;(t)] _ F(S)7 s> max{a, 0} + 1.
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Proof.

(a) By the Fundamental Theorem of Calculus we have f(¢) fo I (u)du.
Also, since f’ is piecewise continuous, |f'(t)| < T for some T > 0 and all
0 <t<C. Thus,

O] = | £0) = Jy f/)du| = 170) = i ()~ [5 f'(w)dul

< 1£(0)] +TC + M [/ e™du

Note that if @ > 0 then

t t
1 e’

/ ey = _(eat . eaC’) S
a

C a

and so

O < 1FO)]+TC + %W

¢
/e““du:t—C
c

fOI<1fO)+TC+MEt—C)<(f(0)]+TC + M)

If @ = 0 then

and therefore

Now, if a < 0 then
! 1 1
/ €audU:—(€at—€aC)§—
c a |al

so that

M
— et

F@O < (O] +TC + il

It follows that
)] < Ne¥, t>0

where b = max{a,0} + 1.

(b) From the definition of Laplace transform we can write

o —st
/ o



Since f'(t) may have jump discontinuities at ¢i,ty,--- ,ty in the interval
0 <t< A, we can write

A t1 to A
/ fstd _ ! 7std ! 7std . / fstd .
/O F(t)eat /0 Ft)etdt + /tl e sdt + -+ /tN F(t)etdt

Integrating each term on the RHS by parts and using the continuity of f(¢)
to obtain

C i (tetdt = Ft)e™ = £(0) + s [o* f(t)e~dt

2 ftestdt = Flta)e™ — f(t)e™" + s [2 f(t)etdt
t’;\lf\il f/'(t>675tdt _ f(tN)e—stN o f(tN 1) —stn_1 + Sj;tN 78tdt
fti f()estdt = f(A)e™sA — f(tn)e v + Sfti f(t)estdt

Also, by the continuity of f(¢) we can write

/oA Ft)etdt = /Otl ft)e™dt + /: fjedt 4o /: f(tye
Hence,
/ t)etdt = oA _ / f(t)e sat.

Since f(t) has exponential order at infinity,lims_. f(A)e %4 = 0. Hence,

LIf(8)] = sLIf ()] = f(0).

(c) Using part (b) we find
LIf"(t)] sCL(1)] = f'(0)
s(sF(s) — f(0)) — f'(0)

2F(s) —sf(0) — f(0), s> max{a,0}+1

(d) Since £ (fo du) = f(t), by part (b) we have

P = 1) = s { [ rwa
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and therefore

C [/Otf(u)du] _ A _ FS), s> max{a,0} + 1 m

S

The argument establishing part (b) of the previous theorem can be extended
to higher order derivatives.

Theorem 44.4
Let f(t), f'(t), -, f™ Y (t) be continuous and f™(t) be piecewise continu-
ous of exponential order at infinity with |f™(¢)| < Me®, t > C. Then

LU ()] = L))" F(0)="2£/(0) == [ D(0), s > max{a, 0}+1

We next illustrate the use of the previous theorem in solving initial value
problems.

Example 44.2
Solve the initial value problem

y' =4y +9y=t, y(0)=0, y'(0)=1.

Solution.
We apply Theorem 44.4 that gives the Laplace transform of a derivative. By
the linearity property of the Laplace transform we can write

Lly"| —AL[Y'] + 9L[y] = L[t].

Now since
Ly = s*Lly] —sy(0) —y'(0) = Y (s) — 1
cly] = SY (s) — y(0) = sY(s)
£l = g

s

where L[y] = Y (s), we obtain
s2Y(s) — 1 —4sY(s) +9Y (s) = —.

Rearranging gives




Thus,

and

y(t)=L"" [32(3282_231+ 9)} .

In the next section we will discuss a method for finding the inverse Laplace
transform of the above expression.

Example 44.3

Consider the mass-spring oscillator without friction: y” + y = 0. Suppose
we add a force which corresponds to a push (to the left) of the mass as it
oscillates. We will suppose the push is described by the function

f(t) =—h(t—27) +u(t — (2 + a))

for some a > 27 which we are allowed to vary. (A small a will correspond
to a short duration push and a large a to a long duration push.) We are
interested in solving the initial value problem

y' +y=f(t), y(0)=1, ¥'(0)=0.

Solution.
To begin, determine the Laplace transform of both sides of the DE:

Lly" +y] = LIf(1)]

or
s%Y — sy(0) — o/ (0) + Y (s) = _ée%s 4 %e(gﬂﬂ)s'
Thus, - 2
—(27+a)s oms
Y(s) = §<82+ - S(ZQH) + s?ir
Now since S(SQ—IH) = 1 — 5%+ we see that

1 S 1 S S
Y — —(27+a)s | = _ 2ms | =
(s)=e L 824—11 ‘ s 5241 +32+1
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and therefore

y(t) = ht— (2 +a)) [£71 (2 = 225)] (t = (27 +a))
- h(t —2m) [£71 (2 SQH)] (t —2m) 4 cost
= h(t—(27+a))[l —cos(t — (2r 4+ a))] — u(t — 2m)[1 — cos (t — 2)]
+ cost i

We conclude this section with the following table of Laplace transform pairs.

f(t) F(s)

>
=1 1Zg  he>0
t", n=1,2,--- %,3>0
eot o s>
sin (wt) 7oz 8> 0
cos (wt) 1 $>0
sinh (wt) 7o 8> |wl
cosh (wt) 2, 8> |l

e f(t), with |f(t)| < Me™ F(s—a), s>a+a

e h(t) L s>«
eatt”,n:1,2,--- (S_Zﬁ,s>a

e sin (wt) (s—a)ﬁ’ S>>«
e cos (wt) e S >«

ft—a)h(t —a), >0 e F(s), s>a
with |f(t)| < Me™
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F(s) (continued)

QL sin wt
w

o3 [sinwt — wt cos w]

(), with f(t) continuous

and | /(1)) < Me*

f"(t), with f'(t) continuous

and |f"(t)] < Me"

fO(t), with fO=Y(t) continuous

and | ()] < Meet

f(f f(w)du, with |f(t)] < Me™

—as

— $>0

e

-F'(s)
m, s>0

@ © >0

sE(s) = f(0)
s > max{a,0} +1

s*F(s) — sf(0) = f'(0)
s > max{a,0} + 1

s"F(s) — s"_lf(o) ...

-sf(”—Q)(O) _ f(n—l)(o)
s > max{a,0} +1

E(s)

, s >max{a,0} +1




Practice Problems

Problem 44.1
Use Table L to find £[2¢" + 5].

Problem 44.2
Use Table £ to find L[e¥3h(t — 1)].

Problem 44.3
Use Table £ to find L[sin”® wt].

Problem 44.4
Use Table £ to find L[sin 3¢ cos 3t].

Problem 44.5
Use Table L to find L[e?* cos 3t].

Problem 44.6
Use Table £ to find L[e*(t* + 3t + 5)].

Problem 44.7

Use Table £ to find £7'[21% + 5.

Problem 44.8

Use Table £ to find ,C*l[(sfs)4}.

Problem 44.9
Use Table £ to find £7![&=].

s—9

Problem 44.10 ,
—11e °%(2547
Use Table £ to find £ 1[%].
Problem 44.11
Graph the function f(t) = h(t — 1) + h(t — 3) for ¢ > 0, where h(t) is the
Heaviside step function, and use Table £ to find L[f(t)].

Problem 44.12

Graph the function f(t) = t[h(t — 1) — h(t — 3)] for ¢t > 0, where h(t) is the
Heaviside step function, and use Table £ to find L[f(t)].
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Problem 44.13
Graph the function f(t) = 3[h(t — 1) — h(t — 4)] for t > 0, where h(t) is the
Heaviside step function, and use Table £ to find L[f(t)].

Problem 44.14
Graph the function f(t) = |2 — t|[h(t — 1) — h(t — 3)] for t > 0, where h(t) is
the Heaviside step function, and use Table £ to find L[f(¢)].

Problem 44.15
Graph the function f(t) = h(2—t) for t > 0, where h(t) is the Heaviside step
function, and use Table £ to find L[f(t)].

Problem 44.16
Graph the function f(t) = h(t — 1) + h(4 — t) for t > 0, where h(t) is the
Heaviside step function, and use Table £ to find L[f(t)].

Problem 44.17
The graph of f(t) is given below. Represent f(¢) as a combination of Heav-
iside step functions, and use Table L to calculate the Laplace transform of

f(t).

Problem 44.18
The graph of f(t) is given below. Represent f(t) as a combination of Heav-
iside step functions, and use Table L to calculate the Laplace transform of

f(t).

2 (———
1 [ —
N 2
0 1 2 3 4
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Problem 44.19

Using the partial fraction decomposition find £~} [%] .

Problem 44.20
Using the partial fraction decomposition find £7* [235:38}

Problem 44.21
Use Laplace transform technique to solve the initial value problem

Y +4y =g(t), y(0) =2

where
0, 0<t<«1
gt)y=1¢ 12, 1<t<3
0, t>3

Problem 44.22
Use Laplace transform technique to solve the initial value problem

y' — 4y =¢€* y(0)=0, y'(0)=0.

Problem 44.23
Obtain the Laplace transform of the function [, ¢f(A)d\ in terms of L[f(t)] =

F(s) given that [ f(\)d\ = 3.
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45 The Laplace Transform and the Method
of Partial Fractions

In the last example of the previous section we encountered the equation
s2+1
t)y=L"" :
y(t) [32(32—45—#9)}

We would like to find an explicit expression for y(¢). This can be done using
the method of partial fractions which is the topic of this section. According

to this method, finding £~ (gg;) , where N (s) and D(s) are polynomials,
require decomposing the rational function into a sum of simpler expressions
whose inverse Laplace transform can be recognized from a table of Laplace
transform pairs.

The method of integration by partial fractions is a technique for integrating

rational functions, i.e. functions of the form
N(s)
D(s)

R(s) =

where N(s) and D(s) are polynomials.
The idea consists of writing the rational function as a sum of simpler frac-
tions called partial fractions. This can be done in the following way:

Step 1. Use long division to find two polynomials 7(s) and ¢(s) such that
N(s) _ r(s)
i) " Dy

Note that if the degree of N(s) is smaller than that of D(s) then ¢(s) = 0
and r(s) = N(s).

Step 2. Write D(s) as a product of factors of the form (as + b)" or (as? +
bs+c)™ where as?+bs+c is irreducible, i.e. as®*+bs+c = 0 has no real zeros.
Step 3. Decompose % into a sum of partial fractions in the following
way:

(1) For each factor of the form (s — «)* write

Al AQ Ak




where the numbers A;, Ay, -+, Ay are to be determined.
(2) For each factor of the form (as® 4 bs + ¢)* write

Bls + Cl BQS + Cg BkS + Ck
as?+bs+c  (as®+ bs+c)? (as? 4 bs + c)k’
where the numbers By, By, -+, By and C1,Csy, - - -, C}, are to be determined.

Step 4. Multiply both sides by D(s) and simplify. This leads to an ex-
pression of the form

r(s) = a polynomial whose coefficients are combinations of A;, B;, and C;.

Finally, we find the constants, A;, B;, and C; by equating the coefficients of
like powers of s on both sides of the last equation.

Example 45.1

Decompose into partial fractions R(s) = 245742

s2—1 -
Solution.
Step 1. %:s—l—ljtjj—j.
Step 2. s —1=(s—1)(s+1).

s+3 _ A B
Step 3. (s+1;Esfl) T s+l + s—1°
Step 4. Multiply both sides of the last equation by (s — 1)(s + 1) to obtain

s+3=A(s—1)+ B(s+1).

Expand the right hand side, collect terms with the same power of s, and
identify coefficients of the polynomials obtained on both sides:

s+3=(A+B)s+ (B—A).

Hence, A+ B =1 and B — A = 3. Adding these two equations gives B = 2.
Thus, A = —1 and so

Now, after decomposing the rational function into a sum of partial fractions

all we need to do is to find the Laplace transform of expressions of the form
A Bs+C
(s—a)m or (as?+bs+c)n*
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Example 45.2
Find £} [

)
s(s=3) | *

Solution.

We write
1 A B

s(s—3) s +5—3'
Multiply both sides by s(s — 3) and simplify to obtain

1=A(s—3)+ Bs

or

1=(A+ B)s —3A.

Now equating the coefficients of like powers of s to obtain —3A = 1 and
A+ B = 0. Solving for A and B we find A = —% and B = % Thus,

c [ky] = A A )

where h(t) is the Heaviside unit step function m

Example 45.3
Find £ [3£8]

52+43s

Solution.
We factor the denominator and split the integrand into partial fractions:

3s+6 A B

s(s+3) s * s+3
Multiplying both sides by s(s + 3) to obtain

3s+6 = A(s+3)+ Bs
— (A+B)s+34

Equating the coefficients of like powers of x to obtain 3A =6 and A+ B = 3.
Thus, A =2 and B = 1. Finally,

1 1
5_1[325+6}:2£_1 HJFE—I{ :|:2h(t)+€_3t,t20.l
5%+ 3s § §+3
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Example 45.4
Find £ | 250, .

s(s+1)2

Solution.
We factor the denominator and split the rational function into partial frac-
tions:

s+ 1 A B C

3(s+1)2_;+3+1+(s+1)2'

Multiplying both sides by s(s + 1)? and simplifying to obtain

s24+1 = A(s+1)>+ Bs(s+ 1)+ Cs
= (A+B)s*+ (2A+ B+ C)s+ A.

Equating coefficients of like powers of s we find A = 1,2A4+ B+ C =0
and A+ B = 1. Thus, B =0 and C' = —2. Now finding the inverse Laplace
transform to obtain

£ {%} =L7! H —2L7! { ! 1 =h(t)—2te™", t>0.m

Example 45.5
Use Laplace transform to solve the initial value problem

y' 4+ 3y +2y=e"", y(0)=1y'(0)=0.

Solution.
By the linearity property of the Laplace transform we can write

Lly"] + 3Ly +2L[y] = L[e™].

Now since
Lly") = s*L[y| - sy(0) —y'(0) = s*Y(s)
Ll =m0 =Y

where L]y] = Y (s), we obtain

s+1

1

s*Y (s) + 3sY (s) +2Y (s) = PR
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Rearranging gives

1
2 2)Y (s) = .
(s 4+ 3s+2)Y(s) pong]
Thus,
1
Y(s) = )
(s) (s+1)(s2+3s+2)
and .
y(t) =L

(s+1)(s2+3s+2)]

Using the method of partial fractions we can write

1 1 1 1

(s+1)(s>+3s+2) s+2_3+1+(s+1)2'
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Practice Problems

In Problems 45.1 - 45.4, give the form of the partial fraction expansion for
F(s). You need not evaluate the constants in the expansion. However, if the
denominator has an irreducible quadratic expression then use the completing
the square process to write it as the sum/difference of two squares.

Problem 45.1

s3+3s+1
PO = i ap
Problem 45.2
Fs) = s +5s—3 .
(s2+16)(s —2)
Problem 45.3
F(s) - s3—1

(1) +4)7
Problem 45.4

s* 4+ 552 +25—9
N (s2+8s+17)(s — 2)%

Problem 45.5
Find z—l[ 1 }

G+D?

Problem 45.6
Find £ [ 23 ]

523542

Problem 45.7
Find £} 45241
Problem 45.8

: —1 | 5246548
Find £ [—84+852+16} )
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Problem 45.9
Use Laplace transform to solve the initial value problem

y' + 2y = 26sin 3t, y(0) = 3.

Problem 45.10
Use Laplace transform to solve the initial value problem

y + 2y =4t, y(0) =3.

Problem 45.11
Use Laplace transform to solve the initial value problem

Y+ 3y +2y =6e", y(0) =1, y'(0) = 2.

Problem 45.12
Use Laplace transform to solve the initial value problem

y" + 4y =cos2t, y(0) =1, y'(0) =1.

Problem 45.13
Use Laplace transform to solve the initial value problem

y' =2y +y=¢€* y(0)=0, y'(0) =0.

Problem 45.14
Use Laplace transform to solve the initial value problem

y' + 9y =g(t), y(0) =1, y'(0) =0

6, 0<t<
MQZ{ "

where

0, t<t<o0

Problem 45.15
Determine the constants «, 3, yo, and y(, so that Y(s) =
transform of the solution to the initial value problem

y' 4+ oy + By =0, y(0) =yo, ¥'(0) = yp-

Problem 45.16
Determine the constants «, 3, yo, and y{, so that Y(s) = ﬁ is the Laplace
transform of the solution to the initial value problem

y' + oy + By =0, y(0) = yo, ¥'(0) = yp.

2s—1
524542

is the Laplace
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46 Laplace Transforms of Periodic Functions

In many applications, the nonhomogeneous term in a linear differential equa-
tion is a periodic function. In this section, we derive a formula for the Laplace
transform of such periodic functions.

Recall that a function f(¢) is said to be T—periodic if we have f(t+7) = f(t)
whenever ¢ and ¢t 4+ T are in the domain of f(¢). For example, the sine and
cosine functions are 2r—periodic whereas the tangent and cotangent func-
tions are m—periodic.

If f(t) is T—periodic for ¢t > 0 then we define the function

fr(t) = { fg?’ ’ i?T

The Laplace transform of this function is then

& T
Llfr(t)] = / fT<t)e—stdt _ / f(t)efstdt.
0 0
The Laplace transform of a T'—periodic function is given next.

Theorem 46.1
If f(t) is a T—periodic, piecewise continuous fucntion for ¢ > 0 then

Lfr(t)]
LIf()] = Tt 5>0
Proof.
Since f(t) is piecewise continuous, it is bounded on the interval 0 <t < T.
By periodicity, f(t) is bounded for ¢ > 0. Hence, it has an exponential order
at infinity. By Theorem 43.2, L[f(¢)] exists for s > 0. Thus,

LIf(1)] = /0 h f(t)e™dt =) /0 fr(t = nT)h(t — nT)e™*'dt,

where the last sum is the result of decomposing the improper integral into a
sum of integrals over the constituent periods.
By the Second Shifting Theorem (i.e. Theorem 44.2) we have

Llfr(t —nT)h(t —nT)] = e "L[fr(t)], s >0
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Hence,
LIF®] =D e Llfr(t)] = LIfr(1)] (Z 6‘"“) :

Since s > 0, it follows that 0 < e™"7% < 1 so that the series Y >2 e "¢ is a
convergent geoemetric series with limit H+ST Therefore,

L[f(t)] = %, s>0m

Example 46.1
Determine the Laplace transform of the function

1, 0<t<?
f(t) = J+T) = f(t), t=0.

0, T<t<T

Solution.
The graph of f(t) is shown in Figure 46.1.

»

| r—
= = S = >
T2 i 5 Al 2T
Figure 46.1
By Theorem 46.1,
T
JZestdt
_Jo
Evaluating this last integral, we find
1—87% 1
LIfO] = +—=F = 7 s>0m

Cl—eT s(l+e 2)

Example 46.2
Find the Laplace transform of the sawtooth curve shown in Figure 46.2
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V/ / f/

Figure 46.2

Solution.

The given function is periodic of period b. For the first period the function
is defined by

fult) = Felh(t) = h(t = b)]

So we have

LU = LIHAE) = h(t = b))

= —4aLlh(t) — h(t — b))
But
LIn) = h(t =b)] = LIk()] = Lkt - b)]
= 1o >0

Hence, , 7b

et =5 (- =)
Finally,

Example 46.3
Find £ |4 - 55 ]

Solution.
Note first that




According to the previous example with @ = 1 and b = 1 we find that
L1 [S% — ;)] is the sawtooth function shown in Figure 46.2 m

s(l—e—s
Linear Time Invariant Systems and the Transfer Function
The Laplace transform is a powerful technique for analyzing linear time-
invariant systems such as electrical circuits, harmonic oscillators, optical de-
vices, and mechanical systems, to name just a few. A mathematical model
described by a linear differential equation with constant coefficients of the
form

4y ™ + a1y Y 4 b ary F agy = b ul™ + by ul™ Y 4 by 4 bou

is called a linear time invariant system. The function y(t) denotes the
system output and the function u(t) denotes the system input. The system is
called time-invariant because the parameters of the system are not changing
over time and an input now will give the same result as the same input later.
Applying the Laplace transform on the linear differential equation with null
initial conditions we obtain

n8"Y (8)+apn_18" Y (8) 4+ +agY (s) = bps™U(8)+by_18™ U (8)+ - -+boU ().
The function

B(s) = Y(s) _ by S™ + byp18™ -+ bis + by
U(s)  aps™+ ap_18" 1+ -+ +as + ag

is called the system transfer function. That is, the transfer function of
a linear time-invariant system is the ratio of the Laplace transform of its
output to the Laplace transform of its input.

Example 46.4
Consider the mathematical model described by the initial value problem

my” + vy +ky = f(t), y(0)=0, y'(0)=0.

The coefficients m, v, and k£ describe the properties of some physical system,
and f(t) is the input to the system. The solution y is the output at time ¢.
Find the system transfer function.
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Solution.
By taking the Laplace transform and using the initial conditions we obtain

(ms® +vs + k)Y (s) = F(s).
Thus,

Y(s) 1 .
F(s) ms2+vys+k

(29)

Parameter Identification
One of the most useful applications of system transfer functions is for system
or parameter identification.

Example 46.5
Consider a spring-mass system governed by

my” +y +ky = f(t), y(0)=0, ¢'(0)=0. (30)

Suppose we apply a unit step force f(t) = h(t) to the mass, initially at
equilibrium, and you observe the system respond as
1

1 1
y(t) = —§e’t cost — Ee’t sint + 3"

What are the physical parameters m,y, and k7

Solution.
Start with the model (30)) with f(¢) = h(t) and take the Laplace transform of
both sides, then solve to find Y (s) = ! ;- Since f(t) = h(t), F(s) = 1.

s(ms2+vys+k
Hence
Y(s) 1
F(s) ms24vys+k
On the other hand, for the input f(¢t) = h(t) the corresponding observed
output is

O(s) =

1 1
y(t) = —§e_t cost — Ee_t sint + —.

2
Hence,
Y(s) = L[-ie'cost— jetsint+ 3]
_ 1T s41 1”1 40
= 2647 T 2GR T 3

s(s242s+2)
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Thus,
Y(s) 1

F(s) s24+25+2°

By comparison we conclude that m =1, y =2, and k =2 nm

O(s) =
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Practice Problems

Problem 46.1
Find the Laplace transform of the periodic function whose graph is shown.

Problem 46.2
Find the Laplace transform of the periodic function whose graph is shown.

Problem 46.3
Find the Laplace transform of the periodic function whose graph is shown.
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Problem 46.4
Find the Laplace transform of the periodic function whose graph is shown.

Problem 46.5
State the period of the function f(¢) and find its Laplace transform where

sint, 0<t<m

ft) = ft+2m) = f(t), t = 0.

0, w<t<2m

Problem 46.6
State the period of the function f(t) =1—e7" 0<t <2, f(t+2)= f(t),
and find its Laplace transform.

Problem 46.7
Using Example 44.3 find

s3 i s(1 —e™9)

Problem 46.8

An object having mass m is initially at rest on a frictionless horizontal surface.
At time t = 0, a periodic force is applied horizontally to the object, causing
it to move in the positive x-direction. The force, in newtons, is given by

fo, 0<t< %
f(t) = fE+T)=f(t), t>0.

0, T<t<T
The initial value problem for the horizontal position, x(t), of the object is

maz"(t) = f(t), z(0)=2'(0)=0.



(a) Use Laplace transforms to determine the velocity, v(¢t) = 2/(t), and the
position, z(t), of the object.

(b) Let m =1 kg, fo =1 N, and T = 1 sec. What is the velocity, v, and
position, z, of the object at t = 1.25 sec?

Problem 46.9
Consider the initial value problem

ay" +by' +cy = f(t), y(0)=y(0)=0, t>0

Suppose that the transfer function of this system is given by ®(s) =
(a) What are the constants a, b, and ¢?
(b) If f(t) = e, determine F(s), Y(s), and y(¢).

Problem 46.10
Consider the initial value problem

ay” + by +cy = f(t), y(0)=¢'(0)=0, t>0
Suppose that an input f(¢) = ¢, when applied to the above system produces
the output y(t) =2(e™* — 1) +t(e" +1), t>0.
(a) What is the system transfer function?

(b) What will be the output if the Heaviside unit step function f(t) = h(t)
is applied to the system?

1
252 4+55+2"

Problem 46.11
Consider the initial value problem
y'+y +y=ft), y(0)=y'(0) =0,

where
1, 0<t<1

f(t) = ft+2)=f(t)
1, 1<t<?2

(a) Determine the system transfer function ®(s).
(b) Determine Y'(s).

Problem 46.12
Consider the initial value problem

"' —dy=c¢e +t, y0)=1(0)=1y"(0)=0.
(a) Determine the system transfer function ®(s).

(b) Determine Y'(s).
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Problem 46.13
Consider the initial value problem

Y+ by +cy = h(t), y(0)=yo, v'(0) =y, t>0.

Suppose that L[y(t)] = Y(s) = Sfi:;i—giég Determine the constants b, ¢, 1o,
and .
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47 Convolution Integrals

We start this section with the following problem.

Example 47.1
A spring-mass system with a forcing function f(¢) is modeled by the following
initial-value problem

mz" + kx = f(t), x(0) =z, 2/(0) = x,.
Find solution to this initial value problem using the Laplace transform method.

Solution.
Apply Laplace transform to both sides of the equation to obtain

ms*X (s) — msxg — mapy + kX (s) = F(s).

Solving the above algebraic equation for X (s) we find

_ _F@) mszg mag
X(S> T ms?+k + ms2+k + ms2+k

1 _F(s)
m 32+

+ oz 4 o
82—&-&
m

2, k
s+m

k
Apply the inverse Laplace transform to obtain
z(t) = L7YX(s)]
— Lp-t {Fji } + L {T} bl L {SQiﬁ }

m

LLt {F(s) . @} + @ cos (ﬁ) t + 24/ sin <\/%> t

Finding £1 {F (s) - ﬁ},i.e., the inverse Laplace transform of a product,

requires the use of the "éoncept of convolution, a topic we discuss in this
section W

Convolution integrals are useful when finding the inverse Laplace transform
of products H(s) = F(s)G(s). They are defined as follows: The convolution
of two scalar piecewise continuous functions f(¢) and g(¢) defined for ¢t > 0
is the integral

(f % g)(t) = / £t — $)gls)ds.
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Example 47.2
Find f x g where f(t) = e~ and g(t) = sint.

Solution.
Using integration by parts twice we arrive at

(fxg)(t) = fg e~(=5) sin sds
= 1]e"=*)(sins — cos 3)]3
= %+%(sint—cost)l

Graphical Interpretation of Convolution Operation
For the convolution

(f % g)(t) = / £t — 5)g(s)ds

we perform the following:

Step 1. Given the graphs of f(s) and g(s).(Figure 47.1(a) and (b))

Step 2. Time reverse f(—s). (See Figure 47.1(c))

Step 3. Shift f(—s) right by an amount ¢ to get f(t—s). (See Figure 47.1(d))
Step 4. Determine the product f(t — s)g(s). (See Figure 47.1(e))

Step 5. Determine the area under the graph of f(t — s)g(s) between 0 and ¢.
(See Figure 47.1(e))

i) f-s)
‘@ “» ° "o
f(t-s) ' v(t)
0 -*‘ S 0 t
(d) (e)
Figure 47.1

Next, we state several properties of convolution product, which resemble
those of ordinary product.
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Theorem 47.1

Let f(t),g(t), and k() be three piecewise continuous scalar functions defined
for t > 0 and ¢; and ¢y are arbitrary constants. Then

(i) f*xg =g+ f (Commutative Law)

(i) (fxg)*k = fx*(g=*k) (Associative Law)

(iil) f * (c19 + c2k) = c1.f x g + cof * k (Distributive Law)

Proof.
(i) Using the change of variables 7 =t — s we find
(f*g)t) = Jo It = )g(s)ds
= — ft g(t —T1)dr

= Jyglt=n)f(n)dr = (gx [)(t)
(ii) By definition, we have

[(f % 9) * k() = Ja(f * 9)(t — wk(u)du

= fo [ flt—u— w)g(w)k(u)dw} du

For the integral in the bracket, make change of variable w = s —u. We have

[(f * g) * k)]( /Uft—s s—u)k(u)ds}du.

This multiple integral is carried over the region
{(s,u) : 0<u<s<t}

as depicted by shaded region in the following graph.

u

(t.o)

Figure 47.2
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Changing the order of integration, we have

(Fxg) xR = [y [Jy f(t—=9)g(s — w)k(u)du] ds
— fo f(t—s)(g*k)(s)ds
= [f * (g% k)](t)

(iii) We have
(f % (c19 + 2k))(t) = I3 f(t = s)(cig(s) + cak(s))ds
= ¢ fo f(t—s)g(s)ds+ co fo f(t —s)k(s)ds

— alf+g)t) +e(f+k)(t)m

Example 47.3
Express the solution to the initial value problem ¢’ + ay = g(t), y(0) = yo
in terms of a convolution integral.

Solution.
Solving this initial value problem by the method of integrating factor we find

t
y(t) = e “yo + / e =) g(s)ds = e yy + e % g(t) m
0

Example 47.4
If £(¢) is an m x n matrix function and g(t) is an n X p matrix function then
we define

(fxg)(t) = /Otf(t —s)g(s)ds, t>0.

Express the solution to the initial value problem y' = Ay + g(t), y(0) = yo
in terms of a convolution integral.

Solution.
The unique solution is given by

t
y(t) = ey + / eAl=9g(s)ds = eyy + e x g(t) m
0

The following theorem, known as the Convolution Theorem, provides a way
for finding the Laplace transform of a convolution integral and also finding
the inverse Laplace transform of a product.
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Theorem 47.2
If f(t) and g(t) are piecewise continuous for ¢t > 0, and of exponential order
at infinity then

LI(f+g)@®)] = LIfF@)|L[g(t)] = F(s)G(s).
Thus, (f *g)(t) = L7F(s)G
Proof.
First we show that f % ¢ has a Laplace transform. From the hypotheses we

have that |f(¢)] < Mje®! for t > Cy and |g(t)| < Mae®! for t > Cy. Let
M = MM, and C = C; + C5. Then for t > C we have

O] = |fy 7= 9)g(s)ds| < i 172 = 9)llg(s)las

—~
V2)

~—

—

< M, M, f(f e (t=9)pa2s g

Mte®t,  a; = ay
e"‘2tfea1t
M—==—, a1 # ay

a2—aij
This shows that f x g is of exponential order at infinity. Since f and g are
piecewise continuous, the first fundamental theorem of calculus implies that
f * g is also piecewise continuous. Hence, f *x g has a Laplace transform.
Next, we have

LU= = Jyoet (fy Ft = r)g(r)dr) at

t _
= [ D[ et f(t —T)g(r)drdt
Note that the region of integration is an infinite triangular region and the
integration is done vertically in that region. Integration horizontally we find

LI(f = g)(t / ) /t ) e " f(t —7)g(7)dtdr.

We next introduce the change of variables § = t—7. The region of integration
becomes 7 > 0,¢ > 0. In this case, we have

LIf 9] = [Zy [ f(B)g(r)drdp

= ([Zoemmalnydr) ([ 1(9)a5)



Example 47.5

Use the convolution theorem to find the inverse Laplace transform of
1

(s2 +a?)?

- (55) ()

So, in this case we have, F'(s) = G(s) = SZJF;QQ so that f(t) = g(t) = X sin (at).
Thus,

H(s) =

Solution.
Note that

a3

(f*xg)t)= %/ﬂ sin (at — as) sin (as)ds = %(sin (at) — atcos (at)) m

Convolution integrals are useful in solving initial value problems with forcing
functions.

Example 47.6
Solve the initial value problem

W' +y=9@), y(0)=3, y(0)=-7

Solution.
Take the Laplace transform of all the terms and plug in the initial conditions
to obtain

4(s?Y (s) =35 +7) + Y(s) = G(s)

" (4s* +1)Y (s) — 125 + 28 = G(s).

Solving for Y'(s) we find

Hence,



So, once we decide on a g(t) all we need to do is to evaluate the integral and
we’ll have the solution B
Practice Problems

Problem 47.1
Consider the functions f(t) = g(t) = h(t), t > 0 where h(t) is the Heaviside
unit step function. Compute f * g in two different ways.

(a) By directly evaluating the integral.
(b) By computing L7[F(s)G(s)] where F(s) = L[f(t)] and G(s) = L[g(t)].

Problem 47.2
Consider the functions f(t) = €' and g(t) = e *, ¢t > 0. Compute f x g in
two different ways.

(a) By directly evaluating the integral.
(b) By computing L7 [F(s)G(s)] where F(s) = L[f(t)] and G(s) = L[g(t)].

Problem 47.3

Consider the functions f(¢) = sint and g(t) = cost, t > 0. Compute f % g in
two different ways.

(a) By directly evaluating the integral.

(b) By computing L7[F(s)G(s)] where F(s) = L[f(t)] and G(s) = L[g(t)].

Problem 47.4
Use Laplace transform to comput the convolution P xy, where |bfP(t) =

[ hét) f: } and y(t) = { Z@ } |

Problem 47.5
Compute and graph f * g where f(t) = h(t) and g(t) = t[h(t) — h(t — 2)].

Problem 47.6
Compute and graph f x g where f(t) = h(t) —h(t — 1) and g(t) = h(t — 1) —
2h(t — 2)].

Problem 47.7
Compute ¢ * t * t.

Problem 47.8

Compute h(t) et x e 2.
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Problem 47.9

Compute t * e

x el

Problem 47.10

n functions
o\

Suppose it is known that h(t) * h(t) % --- % h(t) = Ct®. Determine the con-
stants C' and the poisitive integer n.

Problem 47.11
Use Laplace transform to solve for y(t) :

/t sin (t — N)y(\)dA = 2.

Problem 47.12
Use Laplace transform to solve for y(t) :

y(t) — /Ot eNy(N)dA =t

Problem 47.13
Use Laplace transform to solve for y(t) :

txyt) =t*(1—e™").

Problem 47.14
Use Laplace transform to solve for y(t) :

y' =h(t)xy, y(0)= B}

Problem 47.15
Solve the following initial value problem.

t
y'—y:/ (t —Nerd, y(0) = —1.
0
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48 The Dirac Delta Function and Impulse Re-
sponse

In applications, we are often encountered with linear systems, originally at
rest, excited by a sudden large force (such as a large applied voltage to an
electrical network) over a very short time frame. In this case, the output
corresponding to this sudden force is referred to as the ”impulse response”.
Mathematically, an impulse can be modeled by an initial value problem with
a special type of function known as the Dirac delta function as the external
force, i.e., the nonhomogeneous term. To solve such IVP requires finding the
Laplace transform of the delta function which is the main topic of this section.

An Example of Impulse Response
Consider a spring-mass system with a time-dependent force f(t) applied to
the mass. The situation is modeled by the second-order differential equation

my" + vy + ky = f(t) (31)

where ¢ is time and y(t) is the displacement of the mass from equilibrium.
Now suppose that for t < 0 the mass is at rest in its equilibrium position, so
y(0) = ¢/(0) = 0. Hence, the situation is modeled by the initial value problem

my” + vy +ky = f(t), y(0)=0, ¥ (0)=0. (32)

Solving this equation by the method of variation of parameters one finds the
unique solution

y(t) = / ot — ) f(s)ds (33)

where
e(=7/2m)t gin (t £ _ %)

2

¢(t) =

k _ 2
ma/ 4m?

Next, we consider the problem of strucking the mass by an ”instantaneous”
hammer blow at ¢ = 0. This situation actually occurs frequently in practice-a

system sustains a forceful, almost-instantaneous input. Our goal is to model
the situation mathematically and determine how the system will respond.
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In the above situation we might describe f(t) as a large constant force applied
on a very small time interval. Such a model leads to the forcing function

1
=, 0<t<e
Je(t) = { 0, otherwise

where € is a small positive real number. When ¢ is close to zero the applied
force is very large during the time interval 0 < ¢ < € and zero afterwards. A
possible graph of f.(t) is given in Figure 48.1

/e

&
Figure 48.1

In this case it’s easy to see that for any choice of € we have

/ fdt =1

lim f.(t) =0, t #0, lir(l)qJr fe(0) = o0. (34)

e—0t

and

Our ultimate interest is the behavior of the solution to equation (31) with
forcing function f.(t) in the limit ¢ — 0%. That is, what happens to the
system output as we make the applied force progressively ”sharper” and
"stronger?”.

Let y.(t) be the solution to equation (31) with f(¢) = fc(¢). Then the unique
solution is given by

ye(t) = /0 ot — 5) fo(s)ds.
1
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For t > € the last equation becomes

:%/Oetzﬁ(t—s)ds

Since ¢(t) is continuous for all ¢ > 0 we can apply the mean value theorem
for integrals and write

ye(t) = (b(t - w)
for some 0 < 1) < e. Letting ¢ — 0T and using the continuity of ¢ we find

y(t) = lim yc(t) = o(t).

e—0t

We call y(t) the impulse response of the linear system.

The Dirac Delta Function
The problem with the integral

[ ot =153

is that lim._,g+ fc(0) is undefined. So it makes sense to ask the question of
whether we can find a function 6(¢) such that

lim o+ ye(t) = lime o+ [3 (¢ ) fo(s)ds
fo o(t — 5)d(s)ds

= ¢(t)

where the role of (¢) would be to evaluate the integrand at s = 0. Note that
because of Fig 48.1 and (34), we cannot interchange the opeartions of limit
and integration in the above limit process. Such a function § exist in the
theory of distributions and can be defined as follows:

If f(¢) is continuous in @ < ¢t < b then we define the function §(¢) by the
integral equation

/abf(t) t—todt—hm/f )fo(t —to)d

The object 6(¢) on the left is called the Dirac Delta function, or just the
delta function for short.
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Finding the Impulse Function Using Laplace Transform

For € > 0 we can solve the initial value problem (32) using Laplace trans-
forms. To do this we need to compute the Laplace transform of f.(t), given
by the integral

o 1 [€ 1—e
Lif(t)] = (e dt== [ e *'dt = —.
0= [ rear =1 [ e =
Note that by using L’Hopital’s rule we can write
lim £[£.()] = lim ——%— —1, §>0
im ()] =lm —— =1, s .
e—0t e—07t €S

Now, to find (), we apply the Laplace transform to both sides of equation
(31) and using the initial conditions we obtain

1 _ 6768

ms?Y (s) +vsYe(s) + kY (s) =
€s

Solving for Y,(s) we find

Letting € — 0" we find

Y(s)= —
() ms? + s+ k

which is the transfer function of the system. Now inverse transform Y'(s) to
find the solution to the initial value problem. That is,

v =7 (g ) o0

ms? +vs + k

Now, impulse inputs are usually modeled in terms of delta functions. Thus,
knowing the Laplace transform of such functions is important when solving
differential equations. The next theorem finds the Laplace transform of the
delta function.
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Theorem 48.1
With 0() defined as above, if a <t; < b

/ f()o(t —to)dt = f(to).

Proof.
We have

et —to) = limeoe [ () f(t — to)dt
= limeor 2 [T f(t)dt

e Jitg

= 1im6*)0+ %f(t() + ﬁG)E = f(t())

where 0 < 8 < 1 and the mean-value theorem for integrals has been used m

Remark 48.1
Since p.(t—ty) = L for ty <t < to+e€ and 0 otherwise we see that f; ft)o(t—

a)dt = f(a) and [ f(£)8(t — to)dt = O for to > b.

It follows immediately from the above theorem that
LI6(t—ty)] = / e ot — to)dt = e, 1y > 0.
0

In particular, if tg = 0 we find
L[6(t)] = 1.
The following example illustrates the formal use of the delta function.

Example 48.1

A spring-mass system with mass 2, damping 4, and spring constant 10 is
subject to a hammer blow at time ¢ = 0. The blow imparts a total impulse of
1 to the system, which was initially at rest. Find the response of the system.

Solution.
The situation is modeled by the initial value problem

2y" + 4y + 10y = 6(t), y(0) =0, ' (0)=0.
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Taking Laplace transform of both sides we find
25*Y (s) + 4sY (s) + 10Y(s) = 1.
Solving for Y (s) we find

1
Y(s§) = ——m———.
(5) 252 + 454+ 10
The impulsive response is
1 1 1
D=L 12—~ ) =Ze2gin2t
y( ) (2(S+1)2+22) 46 Si u

Example 48.2

A 16 1b weight is attached to a spring with a spring constant equal to 2
Ib/ft. Neglect damping. The weight is released from rest at 3 ft below the
equilibrium position. At t = 27 sec, it is struck with a hammer, providing an
impulse of 4 1b-sec. Determine the displacement function y(t) of the weight.

Solution.
This situation is modeled by the initial value problem

16
3 T2y =46(t —2m), y(0) =3, y'(0) =0.

Apply Laplace transform to both sides to obtain
s?Y (5) — 3s 4+ 4Y (s) = 8¢ ™.
Solving for Y'(s) we find
35 e 2ms
s2+4 + s2+4
Now take the inverse Laplace transform to get
y(t) = LY (s)] = 3cos 2t + 8h(t — 2m) f(t — 27)

Y(s) =

where

f(t) = ,C_l {ﬁ} = %Sln2t
S

Hence,
y(t) = 3cos 2t + 4h(t — 2m) sin 2(t — 2m) = 3 cos 2t + 4h(t — 2m) sin 2t
or more explicitly

(1) = 3 cos 2t, t <27
YW= 3cos2t +4sin2t, t>2rm
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Practice Problems
Problem 48.1

Evaluate

(a) [7(1+e")3(t — 2)dt.

(b) JL,(1+e)8(t - 2)dt.
(© 2 | 2 | styar

te™t
T 6(t+2)
() [2 (2 +1) | 6(t—1) | dt.
§(t —3)

Problem 48.2
Let f(t) be a function defined and continuous on 0 < t < co. Determine

(f *8)(t) = / £t — $)6(s)ds.

Problem 48.3
Determine a value of the constant ¢y such that fol sin® [w(t — to)]0(t—3)dt = 3.

2
Problem 48.4
If f15 t"5(t — 2)dt = 8, what is the exponent n?

Problem 48.5
Sketch the graph of the function g(t) which is defined by g(t) = [} [o 6(u —
1)duds, 0 <t < oco.

Problem 48.6
The graph of the function ¢(t) = f(f e™§(t — to)dt, 0 < t < oo is shown.
Determine the constants o and ¢g.

A

=)
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Problem 48.7
(a) Use the method of integarting factor to solve the initial value problem

Yy —y=h(t), y(0)=0.
(b) Use the Laplace transform to solve the initial value problem ¢’ — ¢ =

o(t), ¢(0) = 0.
(c) Evaluate the convolution ¢*h(t) and compare the resulting function with
the solution obtained in part(a).

Problem 48.8
Solve the initial value problem

Y +y=2+0(t—1), y0)=0, 0<t<6.
Graph the solution on the indicated interval.

Problem 48.9
Solve the initial value problem

y'=6(t—1)—46(t—3), y(0)=0, y'(0)=0, 0<t<6.
Graph the solution on the indicated interval.

Problem 48.10
Solve the initial value problem

y' =2y =46(t—1), y(0)=1, ¥ (0)=0, 0<t <2
Graph the solution on the indicated interval.

Problem 48.11
Solve the initial value problem

v'+ 20 +y=46(t—2), y(0)=0, y(0)=1, 0<t<6.

Graph the solution on the indicated interval.
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49 Solving Systems of Differential Equations
Using Laplace Transform

In this section we extend the definition of Laplace transform to matrix-valued
functions and apply this extension to solving systems of differential equations.
Let y1(t),y2(t), -+ ,yn(t) be members of PE. Consider the vector-valued
function

The Laplace transform of y(t) is
Lly®)] = [ y(t)e'dt

fooo y1(t)e stdt

Jo~ ye(t)e=tdt

I yn(;i)e_“dt
Ly (1))
Llya(t)]

Lly(®)]

In a similar way, we define the Laplace transform of an m x n matrix to
be the m x n matrix consisting of the Laplace transforms of the component
functions. If the Laplace transform of each component exists then we say
y(t) is Laplace transformable.

Example 49.1
Find the Laplace transform of the vector-valued function
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Solution.
The Laplace transform is

Lly®) =] % |, s>1m

The linearity property of the Laplace transform can be used to establish the
following result.

Theorem 49.1
If A is a constant n X n matrix and B is an n x p matrix-valued function
then

LIAB(t)] = AL[B(t)].

Proof.
Let A = (a;;) and B(t) = (b;;(¢)). Then AB(t) = (>_,_, airbyp). Hence,

LIAB(t)] = LY anbip)] = [Y anl(byy)] = AL[B(t)] m

Theorem 42.3 can be extended to vector-valued functions.

Theorem 49.2
(a) Suppose that y(t) is continuous for ¢ > 0 and let the components of the
derivative vector y’ be members of PE. Then

Lly'(t)] = sLly(t)] = y(0).

(b) Let y'(t) be continuous for ¢ > 0, and let the entries of y”(¢) be members
of PE. Then
LIy"(t)] = s*L[y(t)] - sy(0) = ¥'(0).

(c) Let the entries of y(t) be members of PE. Then

E{/Oty@ds} _ ﬁ[ys(t)]‘
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Proof.
(a) We have

(b) We have

|
»
—~
»
5
<
—~
~ —

(c) We have

so that

The above two theorems can be used for solving the following initial value
problem

y'(t) = Ay +g(t), y(0)=yo, t>0 (35)

where A is a constant matrix and the components of g(¢) are members of
PE.
Using the above theorems we can write

sY(s) —yo=AY(s) + G(s)

or

(sI - A)Y(s) = yo+ G(s)
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where L[g(t)] = G(s). If s is not an eigenvalue of A then the matrix sI — A
is invertible and in this case we have

Y(s) = (sI— A)"'yo + G(s)]. (36)

To compute y(t) = L£7'[Y(s)] we compute the inverse Laplace transform
of each component of Y(s). We illustrate the above discussion in the next
example.

Example 49.2
Solve the initial value problem

S ENY S BT Y

Solution.
We have | . )
A= ey 2 e
and .
é=| 7 |
Thus,
Y(s) = (sI— A)yo + G(si]

B L s—1 2 + 5
T (s+1)(s—3) 2 s—1 —9_ %

s —6534952—45+8
_ 52(3—&—1)(3—2%(5—3)
- —25%485% 852 +65—4

s2(s+1)(s—2)(s—3)

Using the method of partial fractions we can write

Vi(s) = 4k Slell-

21 ,101 71 _ 21 1.1
Yos) = =32+ 953591 3573 953
Therefore
y(t) = LY1(s)] =5t — 8+ Lemt — L2 — Le¥
ya(t) = L7Ya(s)]=—3t+4 — et — 22— >0



Hence, for t > 0
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System Transfer Matrix and the Laplace Transform of ¢4
The vector equation (35) is a linear time invariant system whose Laplace
input is given by yo + G(s) and the Laplace output Y(s). According to
(36) the system tranform matrix is given by (sI — A)~'. We will show that

this matrix is the Laplace transform of the exponential matrix function e*.
Indeed, e*® is the solution to the initial value problem

&'(t) = AB(t), ®(0)=1,

where I is the n x n identity matrix and A is a constant n x n matrix. Taking
Laplace of both sides yields

sC[O(t)] —I=AL[D(t)].
Solving for L[®(t)] we find

LIB(1)] = (sI — A)~! = L[etA].
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Practice Problems

Problem 49.1
Find L[y (t)] where

d et cos 2t
y(t) = T 0
t+e

Problem 49.2
Find L[y(t)] where

Problem 49.3
Find £7![Y (s)] where

Y (s) = 52+§s+2
Problem 49.4
Find £7'[Y (s)] where
1 -1 2 L[t

Problem 49.5
Use the Laplace transform to solve the initial value problem

;|5 —4 0 10
y—[5 _4]3’4{1], y(O)—[O}
Problem 49.6
Use the Laplace transform to solve the initial value problem

y’z[g :ﬂy, Y(O)Z[‘;]
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Problem 49.7
Use the Laplace transform to solve the initial value problem

L8] o [3

Problem 49.8
Use the Laplace transform to solve the initial value problem

Problem 49.9
Use the Laplace transform to solve the initial value problem

r=[i A1) o= (3] vo-[3]

Problem 49.10
Use the Laplace transform to solve the initial value problem

1 0 0 ! 0
y=10-11]y+| 1 |, y(0)=]0
0 0 2 —2t 0

Problem 49.11
The Laplace transform was applied to the initial value problem y’ = Ay, y(0) =

t . .
Yo, where y(t) = n(t) , A is a 2 x 2 constant matrix, and yo = Y10
Y2(1) Y2,0

The following transform domain solution was obtained

=Y =g | 0

(a) what are the eigenvalues of A7
(b) Find A.
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50 Numerical Methods for Solving First Or-
der Linear Systems: Euler’s Method
Whenever a mathematical problem is encountered in science or engineering,
which cannot readily or rapidly be solved by a traditional mathematical
method, then a numerical method is usually sought and carried out. In this

section, we study Euler’s method for approximating the solution to the initial
value problem

y'(t) = P@)y(t) +8(t), yla)=yo, a<t<b

where P(t) is an n X n matrix.

Euler’s Method for First Order Scalar Differential Equation
We first develop Euler’s method for the scalar equation

y'(t) = f(t,y), ylto) =90, a <t <D (37)
Divide the interval a <t < b to N equal subintervals each of length
b—a
h =
N

using the gride points
a:t0<t1<t2<---<tN_1<tN:b.
Note that for 0 < i < N we have
ti:a+ihandti+1:ti+h, OSZSN—l
The (unique) exact solution y(t) to Equation(37) is differentiable so that we
can write " ;

h—0 h
This says that for small h we can estimate y/(t) by the difference quotient

T O )

Evaluating the above approximation at the gride points tg,t1,--- ,ty_1 We
can write

y(te +h) = y(tr) + hf(tr, y(te)), 0<E<N-—1.
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If we let y, denote the approximation of y(¢) then the previous equation
becomes

Y1 = Yk + hf(te, yk), y(to) = Yo. (38)

Equation (38) is known as Euler’s method. We illustrate Euler’s method
in the next example.

Example 50.1
Suppose that y(0) = 1 and % = y. Estimate y(0.5) in 5 steps using Euler’s
method.

Solution.
The step size is h = % = 0.1. The following chart lists the steps needed:
kot Yo f(koyr)h
0 O 1 0.1
1 0.1 1.1 0.11
2 02 121 0.121
3 03 1331 0.1331
4 0.4 1.4641 0.14641
5 0.5 1.61051

Thus, y(0.5) &~ 1.61051. Note that the exact value is y(0.5) = €%° ~ 1.6487213 m

Remark 50.1
1. Euler’s method approximates the value of the solution at a given point; it
does not give an explicit formula of the solution.

2. It can be shown that the error in Euler’s method is proportional to %

Thus, doubling the number of mesh points will decrease the error by %

Euler’s Method for First Order Linear Systems Next, we want to
extend Euler’s method to the intial value problem

y'(t)=Pt)y(t) +g(t), yla)=yo, a<t<b. (39)

Let the exact solution be



Then y(t) is differentiable with derivative

y1(t+h)—yi(t)

y1(t) limy, o 7
y2(t+h)—ya2(t)
h

Y2 (t) limy, o

Yn(t) limy, o M

yi(t+h) —wn(t)
1| v2(t+h) —y(t)
a0 h :

|
5
I

Yn(t +h) = yn(t)

= lim {y(t+5) — y(2)

h—0

Thus, for small A we can estimate y’ with the difference quotient

lim =yt + h) — y(5] = ¥'(1) = Py () + g(t)

Evaluating the above approximation at the gride points tg,t1,--- ,ty_1 We
can write

y(te + ) ~ y(t) + BIP(t)y (L) + 8B, 0< k< N —1.

Letting yx be an approximation of y(¢;), we define

Yir1 = Yi +h[P()ye + ()], 0 <k <N -1 (40)
Iteration (40) is the Euler’s method for the initial value problem (39).

Example 50.2
Consider the initial value problem

vo[3 3] e[ 1] o<

(a) Write the Euler’s method algorithm in explicit form. Specify the starting
values tg and yy.

(b) Give a formula for the kth t—value, t,. What is the range of the index k
if we choose h = 0.017
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Solution.
(a) The Euler’s iterations are given by the formula

1 2 1
Yk+1:}’k+h[[2 3}}’1@4-{1]

—1
Yo = [ 1 ] .
(b) Since a =ty = 0, we have ty = kh, 0 < k < N — 1. In the case h = 0.01
and b = 1 we find 0.01 = 12 which implies that N = 100. So the range of

N
the index kis k =0,1,2,--- ,100 m

We have t; = 0 and

Solving Variable-Coefficient Scalar Equations

We conclude this section by using the Euler’'s method developped for first
order differential equations to scalar differential equations of any order. We
will illustrate the process by considering the following second order initial
value problem

Y +pt)y 4+ qt)y = g(t), y(to) = vo, +y' (to) = yi, a <t <b

where p(t),q(t), and g(t) are continuous in the interval a < ¢ < b and a <
to < b.

The above equation can be recast as a first order linear system by using the
substitution

z1(t) =y(t), 2(t)=y(t) and z(t) = [ alt) }

210
Indeed, since

7=y =2
2=y =—pt)y —a(t)y +g(t) = —q(t)z1 — p(t)22 + g(t)
we can write this as the system

Z = [ B ] “t { (0 ] - lto) = B ]

This is a first order linear system that can be solved using FEuler’s method.
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Example 50.3
Consider the scalar initial value problem

[

y'+y=t2, y(0)=1,4'(0)=0.

(a) Rewrite the given initial value problem as an equivalent initial value prob-
lem for a first order system.

(b) Write the Euler’s method algorithm z,,1 = 2z, + h[P(t)z, + g(t1)], in
explicit form. Specify the starting values ¢y and z.

(c) Using a calculator with step size h = 0.01, carry out two steps of Euler’s
method, finding z; and z; What are the corresponding numerical approxi-
mations to the solution y(¢) at times ¢t = 0.01 and ¢ = 0.027

Solution.
(a) Let 2 =y and 2o = /. Then 2, = ¢/ = z and 2z, = ¢/ = —y + t2 =
— 2, + t2. This leads to the following intial value problem of a first order

system
z’(t):{_ol é]z+{tog}, z(o):{é]

(b) The Euler’s method algorithm is
Y
Zipy1 = Zp + 1 0 Zy +
Thus, tg = 0 and
1
Zy — 0 .
(c) We have
1 0 1 1 0 1
w= Lo oot 5o Lo [ [0y = on ]
and
1 0 1 1 0 0.9
w2 = { —0.01 ] +0.01 {{ ~1 0 } { —0.01 } * { (0.01)2 H B { —0.019}

Finally, y(0.01) = 2,(0.01) = 1 and »(0.02) = 2,(0.02) = 0.9 m
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Practice Problems

In Problems 50.1 - 50.3 answer the following questions:

(a) Solve the differential equation analytically using the appropriate method
of solution.

(b) Write the Euler’s iterates: yg11 = yx + hf (t, yr).

(c) Using step size h = 0.1, compute the Euler approximations yx, k£ =1,2,3
at times t, = a + kh.

(d) For k = 1,2,3 compute the error y(t;) —yr where y(t) is the exact value
of y at t.

Problem 50.1

y =2t—1, y(1)=0.
Problem 50.2

y = —ty, y(0)=1.
Problem 50.3

y =vy? y(0)=1.

In Problems 50.4 - 50.6 answer the following questions:

(a) Write the Euler’s method algorithm in explicit form. Specify the starting
values ty and yg.

(b) Give a formula for the kth t—value, t,. What is the range of the index k
if we choose h = 0.017

(c) Use a calculator to carry out two steps of Euler’s method, finding y; and

Yo
Problem 50.4

o[58 e[ o[ e

Problem 50.5

1 01 0 1
y=1321|ly+|2]|,y(-)=[0], —1<t<0
1 20 t 1
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Problem 50.6
1 .
r_ 3 sint 0 ~lo
Y—[l_t 1 }Y*‘[tz YW= | 1556

In Problems 50.7 - 50.8 answer the following questions.

(a) Rewrite the given initial value problem as an equivalent initial value
problem for a first order system, using the substitution z; = y, 20 = ¢/, 23 =
y”’ e,

(b) Write the Euler’s method algorithm zj1 = zj, + h[P(tx)zr + g(tx)], in
explicit form. Specify the starting values ¢, and z.

(c) Using a calculator with step size h = 0.01, carry out two steps of Euler’s
method, finding z; and z, What are the corresponding numerical approxi-
mations to the solution y(¢) at times ¢t = 0.01 and ¢ = 0.027

Problem 50.7
Y4y +tPy =2 y1)=1, /(1) =1
Problem 50.8

Yoty =141 y(0) =1, y(0) = ~1, y'(0) = 0.
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