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8.1 First Order Linear Systems

A linear system of first order differential equations is a system of the
form

dx
— =an(t)z1 + axp()zy + -+ )z, + fo()
d(I)Q
— =an (a1 +an(t)ry + o+ az ()1, + fo(t)
(8.1.1)
dx,,
dt =an1 ()21 + ap2 ()2 + - - 4 apn ()7, + f1(2)

where the functions a;;(t) and f;(t) are continuous on a common interval. If
fi(t) =0for all t and i = 1,2,--- ,n then the linear system (8.1.1) is said to
be homogeneous; otherwise, it is non-homogeneous.

The system (8.1.1) can be written in matrix form

X' = AX + F (8.1.2)

where
an(t) an(t) - am(t) 21 (t) A
A)(t) = a21:(t) ag(t) --- a%:(t) X(t) = $2:(t) P = fQFt)
am(t) ans(t) - amn(?) 2a(t) £al®)

In the case of a homogeneous system, we have

X' = AX. (8.1.3)



Example 8.1.1
Write the system

dz
— =6r+y+ztt

dt

d
d—i:8x+7y—z+10t
d
d—i:2$+9y—z+6t

in matrix form.

Solution.
The matrix form of the non-homogenous system is

/ -

T 6 1 1 T t
Y =8 7 —1 y | + | 10t
z 29 -1 z 6t

A solution vector on an interval [ is a column matrix

.ﬁEl(t)
) (t)

X(t) =

2a(t)

satisfying the system (8.1.2) on the interval I.

Example 8.1.2
Show that the column matrices

X =| | 0= | ]

_e_

are solution vectors to the system



Solution.
We have

1 3 1 3 e 2t e 2t — 3e72 —2e7 2 ,

[5 3]X1_ {5 3} {—e_%]_ [5e—%—3e—2t} _[ 2% ]Xl
1 3 1 3 3eb 3e% 4 15¢ 185t ,

{5 3]X2_ {5 3} |:5€6t} _{15e6t+15e6t}_ {3066t}X2.

Now, if ty belongs to I then we define the initial value problem

X' =AX +F, X(t) = Xo (8.1.4)
where
&1
Xo=| 7
Cn

That is, z;(tg) = ¢; fori =1,2,---  n.

Like the case of a linear differential equation, we have the following super-
position principle:

If Xy, Xy, , are solutions to (8.1.3) then for any scalars ¢, cg, - , ¢y, the
column vector

X =X+ X+, X,

which is a linear combination of X, Xy, -+, X,, is a solution to (8.1.3).
As in the discussion of the theory of a single ordinary differentail equation,
we introduce the concepts of linear dependence and Wronskian. We say that
the solution vectors Xy, Xo, -, X, tp (8.1.3) are linearly dependent on
the interval I if there exist constants cq,co, -« , ¢, not all zero such that

01X1+02X2+"'+Can:0

for all ¢t in I, where 0 is the zero column vector. That is, if one vector is
a linear combination of the remaining vectors. If the set of vectors are not
linearly depndent on the interval I, it is said to be linearly independent.
The solution vectors to (8.1.3) can be trested for independence via the Wron-
skian formula

ZEH(t) :L‘12(t) e xln(t)
W(X1, Xo, -, X,) = I2{(t) Toa(t) -+ 1’27(?5)

3



where

Xi: 2() 72.:1’27"'7,”'
Indeed, if ¢y is a number in I and W (X;(to), Xa(to), -+, Xn(to)) # 0 then
the solution vectors Xy, Xs, .-, X,, are linearly independent. In this case,
we call the set {X7, Xs,---, X} a fundemental set of the homogeneous

system (8.1.3) on the interval /. The general solution to (8.1.3) is
X(t) = chl(t) + CQXQ(t) + -+ Can(t)

Example 8.1.3
(a) Show that the matrices

cost 0 sint
Xi(t) = | —3cost+ssint |, Xo(t)=| ¢ |, X3(t) = | —3sint— ] cost
—cost —sint 0 cost —sint

are solutions to the system

(b) Show that X, X5, X3 are lienearly indepdent solutions.
(c) Find the general solution to the given system.

Solution.
(a) We have
1 0 1 1 0 1 cost cost —cost —sint
1 1 0 |X;=]1 1 0 —scost+isint | = | cost—1cost+ 3sint
-2 0 -1 i -2 0 -1 —cost —sint —2cost +cost +sint
[ —sint
= | fcost+isint | =X
i —cost+sint
1 0 1 [ 1 0 1 0 0
1 1 0 Xy = 1 1 0 et | =] € :Xé
-2 0 -1 -2 0 -1 0 0




1 0 1 1 0 1 sin t sint — sint + cost
1 1 0 | X3= 1 1 0 —%sint—%cost = sint—%sint—%cost
-2 0 —1 | -2 0 -1 cost —sint —2sint —cost +sint
[ cost
= | ssint— jcost | = Xj.
| —sint — cost

(b) We have
cost 0 sint
W(X1, Xs, X3) = —%COSt—F%SiDt et —%sint—%cost =e' #£0.
—cost —sint 0 —sint + cost

Hence, X, X5, X3 are linearly independent.
(¢) From (a) and (b), we conclude that X;, X5, and X3 form a fundamental
set of solutions on (—o0, 00). The general solution to the given system is

cost 0 sint
X(t)=a —%Cost—l—%sint +co | €| +es —%sint—%cost n
—cost —sint 0 cost —sint

The general solution to the non-homogeneous system (8.1.2) is
X(t) = Xe(t) + Xp(t)

where X.(t) is the general solution to (8.1.3) and X, is a particular solution
to (8.1.2).

Example 8.1.4
(a) Show that the column matrices in Example 8.1.2, form a fundamental set
to the given system on (—o00,0).

3t—4

(b) Show that the column matrix X, = [ 546

} is a particular solution

to the nonhomogeneous syste

, 13 12t — 11
x_[”]m[ B }

(c) Find the general solution to the given system.



Solution.
(a) We have

W(Xl, XQ) — ’

_672t + 5€6t

67215 Sebt

= 8t £ 0.

Thus, X; and X, are linearly independent and form a fundamental set.

(b) We have

[ég}x,ﬁ[

-3

12t—11]

1 3 3t —4
53 —5t+6
[ 3t —4— 15t + 18
| 15t — 20 — 15¢ + 18

-3
12t — 11 }

Il
||

12t—11}

-3

3
3]

(c) The general solution to the non-homogeneous system is

X(t) = {

—2t

(&
—e€

—2t

oo

3 66t
56t

]

12t — 11
-3 u



