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4.6 Method of Variation of Parameters

In the previous section, we were able to find the general solution to homo-
geneous linear differential equations with constant coefficients which is the
complementary function y. of the non-homogeneous equation

Y +p(x)y + qlx)y = g(z). (4.6.1)

From Section 4.1, we know that the general solution to the above equation
has the structure y = y. + y, where y, is a particular solution to Equation
(4.6.1). The purpose of this section is to find y,. This method has no prior
conditions to be satisfied by either p(z), q(x), or g(z).
To use this method, we first find the general solution to the homogeneous
equation

Ye(z) = 17 (z) + cay(2).

Then we replace the parameters ¢; and ¢g by two functions u;(z) and us(x)
to be determined. From this the method got its name. Thus, obtaining
Yp() = wr(2)ys (2) + uz(2)ys().

Observe that if u; and us are constant functions then the above y is just the
homogeneous solution to the differential equation.

In order to determine the two functions one has to impose two constraints.
Finding the derivative of ¥, we obtain

Yy, = (y1un + yousa) + (y1u) + yous).

Finding the second derivative to obtain

"o__

Yo =y ur + yiul 4 yhug + yhuh 4+ (yaul + yaus)'

Since it is up to us to choose u; and uy we decide to do that in such a way to
make our computation simple. One way to achieving that is to impose the
condition

Y1y + yauy = 0. (4.6.2)

1



Under such a constraint y;, and y, are simplified to
/ / /
Y, = Yiu1 + yyus

and
?/ =y ur + yiuy + yyus + yhus.

In particular, y " does not involve ] and uj.
Inserting y,, ¥, and y; into equation (4.6.1) to obtain

[y ur + yiul + y5us + yyus)] + p(2) (Yiur + yaue) + q(2) (uiyr + ugye) = g(x).

Rearranging terms,

! + p(x)yy + q(z)yi]ur + [y + p(@)ys + q(@)ya]us + [uiy] + uhys] = g(z).

Since y; and gy, are solutions to the homogeneous equation, the previous
equation yields our second constraint

uhyy + upyy = g(x). (4.6.3)
Combining equation (4.6.2) and (4.6.3) we find the system of two equations
in the unknowns v} and u}
Yy + yauy =0
Uy + Usyy =g(t).
Since {y1,92} is a fundamental set, the expression W (z) = 1195 — yjy2 is

nonzero so that one can find unique u} and wuj. Using the method of elimi-
nation, these functions are given by

uy () = % and uy(x) = %)(igx)-

Computing antiderivatives to obtain
ur(z) = [ — —y21(/$)g(x dr and up(z) = [ 57 n( x) dz.

Example 4.6.1
Find the general solution of

y//_y/_2y — Qe—x

using the method of variation of parameters.



Solution.
The characteristic equation 7> —r — 2 = 0 has roots r;, = —1 and 7, = 2.
Thus, y1(x) = €%, ya(x) = €2® and W (x) = 3e”. Hence,

2:B_2 —x 2
() = —/udx: ——x

3e? 3
and ) )
e *-2e"
— e — —31:'
us(x) / " x 3¢
The particular solution is
2 2
Yp(z) = —gﬂf—x - 56_96
The general solution is then given by
2 2
y(x) = cre”" + cpe®* — gxe_$ — 56_”” [ ]

Example 4.6.2
Find the general solution to (2z—1)y” —4zy' +4y = 2x—1)?e if y1(z) = x
and y(z) = €** form a fundamental set of solutions to the equation.

Solution.
First we rewrite the equation in standard form
4x 4
/" / — 2 _ 1 —x'
VoY Ty gy B be

Since W (z) = (22 — 1)e** we find

uy(z) = — / ‘ x<2(2m — 1>€7mdt =e "

x—1)e*
and 2 l)e ™ 1 1
u2(x)—/x.(x_ )e dr = ——xe ™ — —e3¢
(22 — 1)e?®
Thus,
Yp(z) =xe™ — cxe™" — —e = 3%€ "~ e

The general solution is

2 1
y(z) = 17 + coe®* + Zwe ™" — 56_”” [

3



Example 4.6.3
Find the general solution to the differential equation " + ¢’ = Inx, = > 0.

Solution.
The characterisitc equation 72 +r = 0 has roots r; = 0 and ro = —1 so that
yi(z) =1, yo(x) = e *, and W(x) = —e~*. Hence,

-
ul(a:):—/e nxd:)s:/lnmdz::vlnx—m

_6*1

1 «
uz () :/_I;idx: —/e””lnxdx: —exlnx+/%dx

Yp(z) = xlnx—x—lnije_x/%dx

Thus,

and )
e

y(z) = a +cge_x+xlnx—x—lnx+e_x/_dm m
x

Example 4.6.4
Find the general solution of

Sy L
2+sinz

Solution.
Since the characteristic equation r> + 1 = 0 has roots r = =i, the general
solution of the corresponding homogeneous equation y” + y = 0 is given by

yc(m) = (1 COST + Cysinx

Since W(x) = 1 we find

sin x 2
—— | 2T = — —Z 4a
w () /2—|—sinx . x+/2—|—sinx .

us(z) = / %dm =In(2+sinx)

Hence, the particular solution is

2

—Z dt-—
2+sinz x)

Yp(x) = sinzIn (2 4 sinz) + cos SL’(/

and the general solution is

y(z) = crcosz + casinz + y,(z) m



Example 4.6.5
Find the general solution of

Solution.
The characterisitc equation 7> — 1 = 0 has roots r; = —1 and r, = 1 so that
yi1(z) =€®, ya(x) = e, and W (z) = —2. Hence,

1 [*el

=— —dt
() =3 o t
1 [*et
.
uafw) = =35 o t
Thus,
1 T et 1 T et
— e | Cat—ze | Cat
Yp() 5€ 3 5€ 3
and
(0) = cre” + e+ e [ Cat— Lo [*Carm
) = C1€e Cot —€ — — —€ —
Y ' ? 2 St 2 Jt



