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4.3 Linear Homogeneous Equations with Constant Co-
efficients

In Section 4.1, we discussed the structure of the general solution of an nth or-
der linear homogeneous differential equation. As we saw, the general solution
is a linear combination of n solutions that form a fundamental set of solu-
tions. In this section, we discuss a method for finding the fundamental set
of solutions for nth order homogeneous equations with constant coefficients,
i.e., equations of the form

any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y = 0

where a0, a1, · · · , an are constants with an 6= 0.
We begin by considering the case n = 2, that is the differential equation

ay′′ + by′ + cy = 0 (4.3.1)

where a, b and c are constants with a 6= 0. Notice first that for b = 0 and
c 6= 0 the function y′′ is a constant multiple of y. So it makes sense to look for
a function with such property. One such function is y(t) = erx. Substituting
this function into (4.3.1) leads to

ay′′ + by′ + cy = ar2erx + brerx + cerx = (ar2 + br + c)erx = 0.

Since erx > 0 for all x, the previous equation leads to

ar2 + br + c = 0. (4.3.2)

Thus, a function y(x) = erx is a solution to (4.3.1) when r satisfies equation
(4.3.2). We call (4.3.2) the characteristic equation for (4.3.1) and the
polynomial C(r) = ar2 + br + c is called the characteristic polynomial.

Example 4.3.1
Solve: y′′ − 5y′ − 6y = 0.
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Solution.
The characteristic polynomial for this equation is C(r) = r2 − 5r − 6 =
(r − 2)(r − 3). Thus, the roots of the characteristic equation are r = 2 and
r = 3. Since

W (x) =

∣∣∣∣ e2x e3x

2e2x 3e3x

∣∣∣∣ = e5x 6= 0

the functions y1(x) = e2x and y2(x) = e3x form a fundamental set of solu-
tions. Hence, the general solution is given by y(x) = c1e

2x + c2e
3x where c1

and c2 are arbitrary constants

We conclude from the previous example that the two distinct real solutions
to the characteristic equation lead to the general solution. Does this result
apply to any equation (4.3.1) whose characteristic equation has distinct so-
lutions? The answer is in the affirmative. To see this, let r1 and r2 be the
two distinct solutions to (4.3.2). Then

W (x) =

∣∣∣∣ er1x er2x

r1e
r1x r2e

r2x

∣∣∣∣ = r2e
(r1+r2)x − r1e(r1+r2)x = (r2 − r1)e(r1+r2)x 6= 0

since both r1 − r2 and e(r1+r2)x are not equal to 0. Hence, er1x and er2x form
a fundamental set of solutions. As a result, the general solution of (4.3.1) is
given by y(x) = c1e

r1x + c2e
r2x where c1 and c2 are arbitrary constants.

Example 4.3.2
Solve the initial value problem

y′′ − y′ − 6y = 0, y(0) = 1, y′(0) = 2.

Solution.
The characteristic polynomial is C(r) = r2−r−6 = (r−3)(r+2) so that the
characteristic equation r2 − r − 6 = 0 has the solutions r1 = 3 and r2 = −2.
The general solution is then given by

y(t) = c1e
3x + c2e

−2x.

Taking the derivative to obtain

y′(x) = 3c1e
3x − 2c2e

−2x.
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The conditions y(0) = 1 and y′(0) = 2 lead to the system

c1 + c2 = 1
3c1 − 2c2 = 2.

Solving this system by the method of elimination we find c1 = 4
5

and c2 = 1
5
.

Hence, the unique solution to the initial value problem is

y(x) =
1

5
(4e3x + e−2x)

In the above examples, the characteristic equation has two distinct real roots.
If the characterisitic equation has a double root, that is, r1 = r2 = − b

2a
, then

y1(x) = er1x is a solution and using Section 4.2, we can find a second solution

y2(x) = er1x
∫
e2r1x

e2r1x
dx = xer1x

such that {y1, y2} is a fundamental set of solution. Hence, the general solution
is

y(x) = c1e
r1x + C2xe

r1x.

Example 4.3.3
Solve the initial value problem: y′′ + 2y′ + y = 0, y(0) = 1, y′(0) = −1.

Solution.
The characteristic equation r2+2r+1 = 0 has a repeated root: r1 = r2 = −1.
Thus, the general solution is given by

y(t) = c1e
−x + c2xe

−x.

The two conditions y(0) = 1 and y′(0) = −1 lead to c2 = 0 and c1 = 1.
Hence, the unique solution is y(t) = e−x .
The characteristic equation can have complex roots. This occurs when b2 −
4ac < 0. In this case the complex roots are

r1,2 = α± iβ

where α = − b
2a

and β =
√
4ac−b2
2a

.
Like before, we would like to conclude that the functions
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e(α+iβ)x and e(α−iβ)x

are solutions to (4.3.1). These are complex solutions, we would like to have
real solutions to the original real differential equation. This requires the use
of the so-called the complex exponential function which we introduce
next.
For any complex number z = α + iβ we define the Euler’s function

ez = eα(cos β + i sin β).

It follows that the complex solutions to the differential equation are linear
combinations of eαx cos βx and eαx sin βx. Now letting y1(x) = eαx cos βx and
y2(x) = eαx sin βx we find

ay′′1 + by′1 + cy1 =a(α2eαx cos βx− β2eαx cos βx− 2αβeαx sin βx)

+b(αeαx cos βx− βeαx sin βx) + ceαx cos βx

=eαx cos βx(a(α2 − β2) + bα + c)− eαx sin βx(2aαβ + bβ)

=eαx cos βx

(
a

(
b2

4a2
− 4ac− b2

4a2

)
+ b

(
−b
2a

)
+ c

)
−eαx sin βx

(
2a

(
− b

2a

√
4ac− b2

2a

)
+
b
√

4ac− b2
2a

)
= 0.

Thus, y1(x) = eαx cos βx is a solution to equation (4.3.1). Similarly, we show
that y2(x) = eαx sin βx is a solution to equation (4.3.1). Moreover,

W (x) =

∣∣∣∣ eαx cos βx eαx sin βx
αeαX cos βx− βeαx sin βx αeαx sin βx+ βeαx cos βx

∣∣∣∣ = βe2αx 6= 0.

Hence, {y1, y2} is a fundamental set of solutions to equation (4.3.1) so that
the general solution is given by

y(x) = eαx(c1 cos βx+ c2 sin βx)

where c1 and c2 are real numbers.

Example 4.3.4
Solve: y′′ + 2y′ + 5y = 0.
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Solution.
The characteristic equation r2 + 2r+ 5 = 0 has complex roots r1,2 = −1±2i.
The general solution is

y(x) = e−x(c1 cos 2x+ c2 sin 2x)

The case n = 2 can be generalized to higher order differential equations as
illustrated in the next two examples.

Example 4.3.5
Solve y′′′ + 3y′′ − 4y = 0.

Solution.
The associated characteristic equation ism3+3m2−4 = . This can be factored
to (m− 1)(m2 + 4m+ 4) = (m− 1)(m+ 2)2. Hence, the characteristic roots
are r1 = 1 and r2 = −2 of multiplicity 2 so that the general solution is

y(x) = c1e
x + c2e

−2x + c3xe
−2x

Example 4.3.6
Solve y(4) + 2y′′ + y = 0.

Solution.
The associated characteristic equation is m4+2m2+1 = . This can be written
as (m2 + 1)2 = 0. Hence, the characteristic roots are r1 = −i and r2 = i each
of of multiplicity 2. Hence, the general solution is

y(x) = c1 cosx+ c2x cosx+ c3 sinx+ c4x sinx
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