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5.1 Large-sample Confidence Interval for a Population
Mean

Consider a large population with unknown mean µ. We wish to estimate its
value. For this purpose, we select a simple random sample of n elements
(n > 30)and compute their mean X. An estimate of µ is X. Since µ is being
estimated by a single number, we call X a point estimate of µ.
In general, X 6= µ. Moreover, for a different simple random sample of n ele-
ments of the population, the value of X would probably come out differently.
That is, there is uncertainty in X.
In any estimation process, one is interested in two aspects of the process:
accuracy and precision. First, by accuracy we mean how close a measured
value is to the true value. The measure of accuracy is determined by the
value of the bias, which is the difference between the expected value of X
and the true value µ. That is,

bias = µX − µ.

The smaller the bias, the more accurate the estimation process. Now, by the

Central Limit Theorem, X ∼ N
(
µ, σ

2

n

)
. Thus, bias = 0. This says that the

estimating process is unbiased.
The second aspect of the estimation process is precision. Precision refers to
the degree to which repeated measurements of the same quantity using the
same process tend to agree with each other. If repeated estimation come out
nearly the same every time, the precision is high. If they are widely spread
out, the precision is low. Thus, we measure precision using the standard
deviation of the estimation process. We refer to this number as the uncer-
tainty of the process. Thus, the smaller the uncertainty the more precise
the estimation. In our estimation of µ, the uncertainty is given by

σX =
σ√
n
.

Another type of estimates is an interval estimate. An interval estimate
of a population parameter is an interval (a, b) that contains a population
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parameter. A confidence interval is an interval estimate combined with a
probability statement. For example, a 95% confidence interval means that we
are 95% confident that µ falls within the interval.1. In this case, the interval

estimate is given by
(
X − 1.96 σ√

n
, X + 1.96 σ√

n

)
. In general, a 100(1− α)%

confidence interval for µ is the interval(
X − zα

2

σ√
n
,X − zα

2

σ√
n

)
where zα

2
is the z−score that cuts off an area of α

2
in the right-tail as shown

in Figure 5.1.1. Also, 100(1− α)% is called the confidence level

Figure 5.1.1

When σ is not known, it can be replaced with the sample standard deviation
s. For the 95% confident interval, we have α = 0.05 so that z0.025 = 1.96.

Example 5.1.1
In a study to estimate the mean number of years of service µ of bank exec-
utives with degrees in business or economics, 96 such bank executives were
sampled and the number of years of service of each determined. The sample
had a mean of X = 23.43 years and a standard deviation of s = 10.82 years.
(a) Construct a 90% confidence interval for µ.
(b) Interpret the answer to (a) in the context of the problem.

Solution.
(a) We have(

23.43− z0.05
10.82√

96
, 23.43 + z0.05

10.82√
96

)
= (23.43−1.82, 23.43+1.82) = (21.61, 25.25).

1The 95% means that if we repeat the sampling process 100 times and compute 100
confidence intervals for µ, 95 of the intervals will contain the true mean µ.
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(b) We can be 90% confident that the true mean number of years of service
is between 21.61 and 25.25 years

Remark 5.1.1
The level is the proportion of samples for which the confidence interval will
cover the true value. Therefore as the level goes up, the reliability goes
up. This increase in reliability is obtained by increasing the width of the
confidence interval. Therefore as the level goes up the precision goes down.

Remark 5.1.2
It is important to distinguish between level of confidence and probability.
A 95% specific confidence level does not mean that the probability of µ
belonging to the confidence interval is 0.95. Probability refers to random
events which can come out differently when experiments are repeated. There
is no randomness involved in a given confidence interval. On the other hand,
let’s say that we are discussing a method used to compute a 95% confidence
interval. The method will succeed in covering the population mean 95%
of the time, and fail the other 5% of the time. In this case, whether the
population mean is covered or not is a random event, because it can vary
from experiment to experiment. Therefore it is correct to say that a method
for computing a 95% confidence interval has probability 95% of covering the
population mean.

The next example describes how to find the sample size needed for a confi-
dence interval of specified width.

Example 5.1.2
In a sample of 60 electric motors, the average efficiency (in percent) was 85
and the standard deviation was 2. How many thermostats must be sampled
so that a 95% confidence interval specifies the mean to within ±0.35?

Solution.
The level is 95%, so 1−α = 0.95. Therefore α = 0.05 and zα

2
= z0.025 = 1.96.

The value of σ is estimated with s = 0.1. The necessary sample size is found
by solving (1.96) 2√

n
= 0.35. We obtain n = 126

One-Sided Confidence Intervals
The confidence intervals discussed so far have been two-sided, in that they
specify both a lower and an upper confidence bound. Occasionally we are
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interested only in one of these bounds. In these cases, one-sided confidence
intervals are appropriate. Examples of one-sided confidence intervals are(
X − zα σ√

n
,∞

)
and

(
−∞, X + zα

σ√
n

)
. The number X − zα σ√

n
is called the

100(1 − α)% lower confidence bound for µ and X + zα
σ√
n

is called the

100(1 − α)% upper confidence bound for µ. When σ is unknown, it can
be replaced with s.

Example 5.1.3
In a sample of 123 hip surgeries of a certain type, the average surgery time
was 136.9 minutes with a standard deviation of 22.6 minutes.Find a 98%
lower confidence bound for the mean time.

Solution.
The lower confidence bound is

X − zα
s√
n

= 136.9− z0.02
22.6√

123
= 136.9− (2.05)

22.6√
123
≈ 132.72
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