
Arkansas Tech University
MATH 3513: Applied Statistics I

Dr. Marcel B. Finan

4.2 Bernoulli Trials and Binomial Distributions

A Bernoulli trial1 is an experiment with exactly two outcomes: Success
and failure. The probability of a success is denoted by p and that of a failure
is q. Moreover, p and q are related by the formula p+ q = 1.

Example 4.2.1
Consider the experiment of rolling a fair die where a success is the face that
comes up shows a number divisible by 2. Find p and q.

Solution.
The numbers on the die that are divisible by 2 are 2,4, and 6. Thus, p = 3

6
= 1

2

and q = 1− 1
2

= 1
2

A Bernoulli experiment is a sequence of independent2 Bernoulli trials.
LetX represent the number of successes that occur in n independent Bernoulli
trials. Then X is said to be a binomial random variable with parameters
n and p. We write X ∼ Bin(n, p). If n = 1 then X is said to be a Bernoulli
random variable.
The central question of a binomial experiment is to find the probability of
r successes out of n trials. In the next paragraph we will see how to com-
pute such a probability. Now, anytime we make selections from a population
without replacement, we do not have independent trials. For example,
selecting a ball from a box that contain balls of two different colors.

Example 4.2.2
We roll a fair die 5 times. A success is when the face that comes up shows a
prime number. We are interested in the probability of obtaining three prime
numbers. What are p, q, n, and r?

Solutions.
This is a binomial experiment with 5 trials. The prime numbers on the die
are 2, 3, 5 so that p = q = 1

2
. Also, we have n = 5 and r = 3

Binomial Distribution Function
As mentioned above, the central problem of a binomial experiment is to find
the probability of r successes out of n independent trials.

1The prefix bi in binomial experiment refers to the fact that there are two possible
outcomes (e.g., head or tail, true or false, defective or non-defective) to each trial.

2That is what happens to one trial does not affect the probability of a success in any
other trial.
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Recall from Section 2.2 the formula for finding the number of combinations
of n distinct objects taken r at a time

C(n, r) =
n!

r!(n− r)!
.

Now, the probability of r successes in a sequence of n independent trials is
given by prqn−r. Since the binomial coefficient C(n, r) counts all the number
of outcomes that have r successes and n−r failures, the probability of having
r successes in any order is given by the binomial mass function

p(r) = P(X = r) = C(n, r)prqn−r.

Note that by letting a = p and b = 1− p in the binomial formula3 we find

n∑
k=0

p(k) =
n∑

k=0

C(n, k)pk(1− p)n−k = (p+ 1− p)n = 1.

The histogram of a binomial random variable is constructed by putting the r
values on the horizontal axis and p(r) values on the vertical axis. The width
of the bar is 1 and its height is p(r). The bars are centered at the r values.

Example 4.2.3
Construct the binomial distribution for the total number of heads in four
flips of a balanced coin. Make a histogram.

Solution.
The binomial distribution is given by the following table

r 0 1 2 3 4
p(r) 1

16
4
16

6
16

4
16

1
16

The corresponding histogram is shown in Figure 4.2.1

3(a + b)n =
∑n

k=0 C(n, k)akbn−k
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Figure 4.2.1

The cumulative distribution function is given by

F (x) = P(X ≤ x) =


0, x < 0

bxc∑
k=0

C(n, k)pk(1− p)n−k, 0 ≤ x ≤ n

1, x > n

where bkc is the floor function4.

Example 4.2.4
Suppose that in a box of 100 computer chips, the probability of a chip to be
defective is 3%. Inspection process for defective chips consists of selecting
with replacement 5 randomly chosen chips in the box and to send the box
for shipment if none of the five chips is defective. Write down the random
variable, the corresponding probability distribution and then determine the
probability that the box described here will be allowed to be shipped.

Solution.
Let X be the number of defective chips in the box. Then X is a binomial
random variable with probability distribution

P(X = x) = C(5, x)(0.03)x(0.97)5−x, x = 0, 1, 2, 3, 4, 5.

Now,

P(sheet goes into circulation) = P(X = 0) = (0.97)5 = 0.859

Example 4.2.5
Suppose that 40% of the voters in a city are in favor of a ban of smoking in
public buildings. Suppose 5 voters are to be randomly sampled. Find the
probability that
(a) 2 favor the ban.
(b) less than 4 favor the ban.
(c) at least 1 favor the ban.

4bxc = the largest integer less than or equal to x.
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Solution.
(a) P(X = 2) = C(5, 2(0.4)2(0.6)3 ≈ 0.3456.
(b) P(X < 4) = p(0)+p(1)+p(2)+p(3) = C(5, 0)(0.4)0(0.6)5+C(5, 1)(0.4)1(0.6)4+
C(5, 2)(0.4)2(0.6)3 + C(5, 3)(0.4)3(0.6)2 ≈ 0.913.
(c) P(X ≥ 1) = 1− P(X < 1) = 1− C(5, 0)(0.4)0(0.6)5 ≈ 0.922

Example 4.2.6
A student takes a test consisting of 10 true-false questions.
(a) What is the probability that the student answers at least six questions
correctly?
(b) What is the probability that the student answers at most two questions
correctly?

Solution.
(a) Let X be the number of correct responses. Then X is a binomial random
variable with parameters n = 10 and p = 1

2
. So, the desired probability is

P(X ≥ 6) =P(X = 6) + P(X = 7) + P(X = 8) + P(X = 9) + P(X = 10)

=
10∑
x=6

C(10, x)(0.5)x(0.5)10−x ≈ 0.3769.

(b) We have

P(X ≤ 2) =
2∑

x=0

C(10, x)(0.5)x(0.5)10−x ≈ 0.0547

Example 4.2.7
A study shows that 30 percent people aged 50-60 in a certain town have
high blood pressure. What is the probability that in a sample of fourteen
individuals aged between 50 and 60 tested for high blood pressure, more than
six will have high blood pressure?

Solution.
Let X be the number of people in the town aged 50-60 with high blood
pressure. Then X is a binomial random variable with n = 14 and p = 0.3.
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Thus,

P(X > 6) =1− P(X ≤ 6)

=1−
6∑

i=0

C(14, i)(0.3)i(0.7)14−i

≈0.0933

The Mean and Variance of the Binomial Distribution
The expected value is found as follows.

E(X) =
n∑

k=1

k
n!

k!(n− k)!
pk(1− p)n−k = np

n∑
k=1

(n− 1)!

(k − 1)!(n− k)!
pk−1(1− p)n−k

=np
n−1∑
j=0

(n− 1)!

j!(n− 1− j)!
pj(1− p)n−1−j = np(p+ 1− p)n−1 = np

where we used the binomial theorem and the substitution j = k − 1. Also,
we have

E(X(X − 1)) =
n∑

k=0

k(k − 1)
n!

k!(n− k)!
pk(1− p)n−k

=n(n− 1)p2
n∑

k=2

(n− 2)!

(k − 2)!(n− k)!
pk−2(1− p)n−k

=n(n− 1)p2
n−2∑
j=0

(n− 2)!

j!(n− 2− j)!
pj(1− p)n−2−j

=n(n− 1)p2(p+ 1− p)n−2 = n(n− 1)p2

This implies E(X2) = E(X(X−1))+E(X) = n(n−1)p2 +np. The variance
of X is then

σ2
X = Var(X) = E(X2)− (E(X))2 = n(n− 1)p2 + np− n2p2 = np(1− p)

Example 4.2.8
The probability of a student passing an exam is 0.2. Ten students took the
exam.
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(a) What is the probability that at least two students passed the exam?
(b) What is the expected number of students who passed the exam?
(c) How many students must take the exam to make the probability at least
0.99 that a student will pass the exam?

Solution.
Let X be the number of students who passed the exam. Then, X has a
binomial distribution with n = 10 and p = 0.2.
(a) The event that at least two students passed the exam is {X ≥ 2}. So,

P(X ≥ 2) =1− P(X < 2) = 1− p(0)− p(1)

=1− C(10, 0)(0.2)0(0.8)10 − C(10, 1)(0.2)1(0.8)9

≈0.6242

(b) E(X) = np = 10 · (0.2) = 2.
(c) Suppose that n students are needed to make the probability at least 0.99
that a student will pass the exam. Let A denote the event that a student
pass the exam. Then, Ac means that all the students fail the exam. We have,

P(A) = 1− P(Ac) = 1− (0.8)n ≥ 0.99

Solving the inequality, we find that n ≥ ln (0.01)
ln (0.8)

≈ 20.6. So, the required
number of students is 21

Example 4.2.9
Let X be a binomial random variable with parameters (12, 0.5). Find the
variance and the standard deviation of X.

Solution.
We have n = 12 and p = 0.5. Thus, Var(X) = np(1 − p) = 6(1 − 0.5) = 3.
The standard deviation is σX =

√
3

Example 4.2.10
A multiple choice exam consists of 25 questions each with five choices with
once choice is correct. Randomly select an answer for each question. Let X
be the random variable representing the total number of correctly answered
questions.
(a) What is the probability that you get exactly 16, or 17, or 18 of the
questions correct?
(b) What is the probability that you get at least one of the questions correct.
(c) Find the expected value of the number of correct answers.
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Solution.
(a) Let X be the number of correct answers. We have

P(X = 16 or X = 17 or X = 18) =C(25, 16)(0.2)16(0.8)9 + C(25, 17)(0.2)17(0.8)8

+C(25, 18)(0.2)18(0.8)7 = 2.06× 10−6.

(b) P(X ≥ 1) = 1− P(X = 0) = 1− C(25, 0)(0.8)25 = 0.9962.
(c) We have E(X) = 25(0.2) = 5

Estimating p
In many cases we do not know the success probability p associated with a
certain Bernoulli trial, and we wish to estimate its value. A natural way to do
this is to conduct n independent trials and count the number X of successes.
To estimate the success probability p we compute the sample proportion

p̂ =
number of successes

number of trials
=
X

n
.

Example 4.2.11
A quality engineer is testing the calibration of a machine that packs ice cream
into containers. In a sample of 20 containers, 3 are underfilled. Estimate the
probability p that the machine underfills a container.

Solution.
We have

p ≈ p̂ =
3

20
= 0.15
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