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2.1 Basic Terms in Probability

In this chapter we discuss the fundamental concepts of probability at a level
at which no previous exposure to the topic is assumed.
Probability has been used in many applications ranging from medicine to
business and so the study of probability is considered an essential compo-
nent of any mathematics curriculum.
So what is probability? Before answering this question we start with some
basic definitions.

A random experiment or simply an experiment is an experiment whose
outcomes cannot be predicted with certainty. Examples of an experiment
include rolling a die, flipping a coin, and choosing a card from a deck of
playing cards.
The sample space S of an experiment is the set of all possible outcomes
for the experiment. For example, if you roll a die one time then the exper-
iment is the roll of the die. A sample space for this experiment could be
S = {1, 2, 3, 4, 5, 6} where each digit represents a face of the die.
An event is a subset of the sample space. For example, the event of rolling
an odd number with a die consists of three outcomes {1, 3, 5}.

Example 2.1.1
Consider the random experiment of tossing a coin three times.
(a) Find the sample space of this experiment.
(b) Find the outcomes of the event of obtaining more than one head.

Solution.
We will use T for tail and H for head.
(a) The sample space is composed of eight outcomes:

S = {TTT, TTH, THT, THH,HTT,HTH,HHT,HHH}.

(b) The event of obtaining more than one head is the set {THH,HTH,HHT,HHH}
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Combining Events
Next, we introduce various operations on events.
The intersection of two events A and B is the event A∩B whose outcomes
are outcomes of both events A and B. See Figure 2.1.1(a). The union of
two events A and B is the event A∪B whose outcomes are either in A or in
B. See Figure 2.1.1(b).
Two events A and B are said to be mutually exclusive if they have no
outcomes in common. In this case A ∩B = ∅.

Figure 2.1.1

Example 2.1.2
Consider the sample space of rolling a die. Let A be the event of rolling a
prime number, B the event of rolling a composite number, and C the event
of rolling a 4. Find
(a) A ∪B,A ∪ C, and B ∪ C.
(b) A ∩B,A ∩ C, and B ∩ C.
(c) Which events are mutually exclusive?

Solution.
(a) We have

A ∪B = {2, 3, 4, 5, 6}
A ∪ C = {2, 3, 4, 5}
B ∪ C = {4, 6}

(b)

A ∩B = ∅
A ∩ C = ∅
B ∩ C = {4}

(c) A and B are mutually exclusive as well as A and C
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Example 2.1.3
Let A be the event of drawing a “Queen” from a well-shuffled standard deck
of playing cards and B the event of drawing an “ace” card. Are A and B
mutually exclusive?

Solution.
Since A = {queen of diamonds, queen of hearts, queen of clubs, queen of spades}
and B = {ace of diamonds, ace of hearts, ace of clubs, ace of spades}, A and
B are mutually exclusive

The absolute complement of an event A, denoted by Ac, is the event
whose outcomes are not in A. The relative complement of A with respect
to B is the event

B − A = {x ∈ U |x ∈ B and x 6∈ A}.

Note that B − A = B ∩ Ac. See Figure 2.1.2

Figure 2.1.2

Example 2.1.4
Let A = {1, 2, 3} and B = {{1, 2}, 3}. Find A−B.

Solution.
The elements of A that are not in B are 1 and 2. That is, A−B = {1, 2}

Probability
Probability is the measure of occurrence of an event. Various probability
concepts exist nowadays. A widely used probability concept is the exper-
imental probability which uses the relative frequency of an event and is
defined as follows. Let n(E) denote the number of times in the first n repeti-
tions of the experiment that the event E occurs. Then Pr(E), the probability
of the event E, is defined by

Pr(E) = lim
n→∞

n(E)

n
.
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This states that if we repeat an experiment a large number of times then the
fraction of times the event E occurs will be close to Pr(E). This result is a
theorem called the law of large numbers.
The function Pr satisfies the following axioms, known as Kolmogorov ax-
ioms:
Axiom 1: For any event E, 0 ≤ Pr(E) ≤ 1.
Axiom 2: Pr(S) = 1.
Axiom 3: For any sequence of mutually exclusive events {En}n≥1, that is
Ei ∩ Ej = ∅ for i 6= j, we have

Pr

(
∞⋃
n=1

En

)
=
∞∑
n=1

Pr(En).(Countable additivity)

If we let E1 = S, En = ∅ for n > 1 then by Axioms 2 and 3 we have

1 = Pr(S) = Pr

(
∞⋃
n=1

En

)
=

∞∑
n=1

Pr(En) = Pr(S) +
∞∑
n=2

Pr(∅). This implies

that Pr(∅) = 0. Also, if {E1, E2, · · · , En} is a finite set of mutually exclusive
events, then by defining Ek = ∅ for k > n and Axioms 3 we find

Pr

(
n⋃

k=1

Ek

)
=

n∑
k=1

Pr(Ek). (Addition Rule)

Any function Pr that satisfies Axioms 1 - 3 will be called a probability
measure.

Example 2.1.5
Consider the sample space S = {1, 2, 3}. Suppose that Pr({1, 2}) = 0.5 and
Pr({2, 3}) = 0.7. Is Pr a valid probability measure? Justify your answer.

Solution.
Let assume that the answer is yews. Then by Axiom 2, we have Pr({1}) +
Pr({2})+Pr({3}) = 1. By the addition rule, Pr({1, 2}) = Pr({1})+Pr({2}) =
0.5. This implies that 0.5 + Pr({3}) = 1 or Pr({3}) = 0.5. Similarly, 1 =
Pr({2, 3}) + Pr({1}) = 0.7 + Pr({1}) and so Pr({1}) = 0.3. It follows that
Pr({2}) = 1−Pr({1})−Pr({3}) = 1−0.3−0.5 = 0.2. With these results, all
Kolmogorov axioms are satisfied. Hence, Pr is a valid probability measure

Next, since E ∪ Ec = S, E ∩ Ec = ∅, and Pr(S) = 1 we find

Pr(Ec) = 1− Pr(E)
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where Ec is the complementary event.

Example 2.1.6
The probability that a senior citizen in a nursing home without a pneumonia
shot will get pneumonia is 0.45. What is the probability that a senior citizen
without pneumonia shot will not get pneumonia?

Solution.
Our sample space consists of those senior citizens in the nursing home who
did not get the pneumonia shot. Let E be the set of those individuals
without the shot who did get the illness. Then Pr(E) = 0.45. The prob-
ability that an individual without the shot will not get the illness is then
Pr(Ec) = 1− Pr(E) = 1− 0.45 = 0.55

When the outcome of an experiment is just as likely as another, as in the
example of tossing a coin, the outcomes are said to be equally likely. The
classical probability concept applies only when all possible outcomes are
equally likely, in which case we use the formula

Pr(E) =
number of outcomes favorable to event

total number of outcomes
=

n(E)

n(S)
.

Since for any event E we have ∅ ⊆ E ⊆ S, we can write 0 ≤ n(E) ≤ n(S) so

that 0 ≤ n(E)
n(S)
≤ 1. It follows that 0 ≤ Pr(E) ≤ 1. Clearly, Pr(S) = 1. Also,

Axiom 3 is easy to check.

Example 2.1.7
A hand of 5 cards is dealt from a deck. Let E be the event that the hand
contains 5 aces. List the elements of E and find Pr(E).

Solution.
Recall that a standard deck of 52 playing cards can be described as follows:

hearts (red) Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
clubs (black) Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
diamonds (red) Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
spades (black) Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
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Cards labeled Ace, Jack, Queen, or King are called face cards.
Since there are only 4 aces in the deck, event E is impossible, i.e. E = ∅ so
that Pr(E) = 0

Example 2.1.8
What is the probability of drawing an ace from a well-shuffled deck of 52
playing cards?

Solution.
Since there are four aces in a deck of 52 playing cards, the probability of
getting an ace is 4

52
= 1

13

Example 2.1.9
What is the probability of rolling a 3 or a 4 with a fair die?

Solution.
The event of having a 3 or a 4 has two outcomes {3, 4}. The probability of
rolling a 3 or a 4 is 2

6
= 1

3

Remark 2.1.1
It is important to keep in mind that the classical definition of probability
applies only to a sample space that has equally likely outcomes. Applying
the definition to a space with outcomes that are not equally likely leads to
incorrect conclusions. For example, the sample space for spinning the spinner
in Figure 2.1.3 is given by S = {Red,Blue}, but the outcome Blue is more
likely to occur than is the outcome Red. Indeed, Pr(Blue) = 3

4
whereas

Pr(Red) = 1
4

as opposed to Pr(Blue) = Pr(Red) = 1
2

Figure 2.1.3

For any events A and B the probability of A ∪ B is given by the addition
rule.
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Theorem 2.1.1
Let A and B be two events. Then

Pr(A ∪B) = Pr(A) + Pr(B)− Pr(A ∩B).

Proof.
Let Ac ∩ B denote the event whose outcomes are the outcomes in B that
are not in A. Then using the Venn diagram in Figure 2.1.4 we see that
B = (A ∩B) ∪ (Ac ∩B) and A ∪B = A ∪ (Ac ∩B).

Figure 2.1.4

Since (A ∩B) and (Ac ∩B) are mutually exclusive, by Axiom 3, we have

Pr(B) = Pr(A ∩B) + Pr(Ac ∩B).

Thus,
Pr(Ac ∩B) = Pr(B)− Pr(A ∩B).

Similarly, A and Ac ∩B are mutually exclusive, thus we have

Pr(A ∪B) = Pr(A) + Pr(Ac ∩B) = Pr(A) + Pr(B)− Pr(A ∩B)

Note that in the case A and B are mutually exclusive, Pr(A∩B) = 0 so that

Pr(A ∪B) = Pr(A) + Pr(B).

Example 2.1.10
An airport security has two checkpoints. Let A be the event that the first
checkpoint is busy, and let B be the event the second checkpoint is busy.
Assume that Pr(A) = 0.2, Pr(B) = 0.3 and Pr(A ∩ B) = 0.06. Find the
probability that neither of the two checkpoints is busy.
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Solution.
The probability that neither of the checkpoints is busy is Pr[(A ∪ B)c] =
1−Pr(A∪B). But Pr(A∪B) = Pr(A)+Pr(B)−Pr(A∩B) = 0.2+0.3−0.06 =
0.44. Hence, Pr[(A ∪B)c] = 1− 0.44 = 0.56
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