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1.2 Examples of Descriptive Statistics

In Statistics, a summary statistic is a single numerical measure of an at-
tribute of a sample. In this section we discuss commonly used summary
statistics.

Sample Mean
The sample mean (also known as average or arithmetic mean) is a mea-
sure of the “center” of the data. Suppose that a sample consists of the data
values x1, x2, · · · , xn. Then the sample mean is given by the formula

x =
x1 + x2 + · · ·+ xn

n
=

1

n

n∑
i=1

xi.

Example 1.2.1
A random sample of 10 ATU students reported missing school 7, 6, 8, 4, 2,
7, 6, 7, 6, 5 days. Find the sample mean.

Solution.
The sample mean is

x =
7 + 6 + 8 + 4 + 2 + 7 + 6 + 7 + 6 + 5

10
= 5.8 days

The Sample Variance and Standard Deviation
The Standard deviation is a measure of the spread of the data around the
sample mean. When the spread of data is large we expect most of the sample
values to be far from the mean and when the spread is small we expect most
of the sample values to be close to the mean.
Suppose that a sample consists of the data values x1, x2, · · · , xn. One way of
measuring how these values are spread around the mean is to compute the
deviations of these values from the mean, i.e., x1 − x, x2 − x, · · · , xn − x
and then take their average, i.e., find how far, on average, is each data value
from the mean. Symbolically, find

(x1 − x) + (x2 − x) + · · ·+ (xn − x)

n
.
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From this formula and the definition of x, we find

(x1 − x) + (x2 − x) + · · ·+ (xn − x)

n
=

(x1 + x2 + · · ·+ xn)− nx)

n

=
(x1 + x2 + · · ·+ xn)− (x1 + x2 + · · ·+ xn)

n
=0.

Thus, not much information is drawn. However, the real goal is to capture
the magnitude of these deviations in our measure. To address this problem of
the deviations summing to zero, we could take the mean squared deviations
instead and obtain the sample variance

s2 =
(x1 − x)2 + (x2 − x)2 + · · ·+ (xn − x)2

n− 1
.

Notice that the n is being replaced by n − 1. It is natural to wonder why
the sum of the squared deviations is divided by n − 1 rather than n. Let µ
denote the population mean. From the equation

n∑
i=1

(xi − x)2 =
n∑

i=1

(xi − µ)2 − n(x− µ)2

we see that
n∑

i=1

(xi − x)2 <
n∑

i=1

(xi − µ)2.

That is, the squared deviation around the sample mean is smaller than the
squared deviation around the population mean. But s2 is supposed to be
an estimator of the population variance so dividing by n − 1 rather than n
provides the right correction.
A drawback of the sample variance formula is that its units are not the same
units of the sample values; instead they are the squared units. To avoid this
problem, we take the square root of the variance which in this case has the
same units as the sample values. We call this square root the standard
deviation of the sample. Hence,

s =

√
(x1 − x)2 + (x2 − x)2 + · · ·+ (xn − x)2

n− 1
.
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An equivalent simpler formula is

s =

√√√√ 1

n− 1

(
n∑

i=1

x2i − nx2
)
.

Example 1.2.2
Find the sample variance and the sample standard deviation of Example 1.2.1.

Solution.
The sample variance is

s2 =
1

9
(72 + 62 + 82 + 42 + 22 + 72 + 62 + 72 + 62 + 52 − 10(5.8)2) = 27.6.

The sample standard deviation is s =
√

27.6

Example 1.2.3
Consider the two samples {x1, x2, · · · , xn} and {a+bx1, a+bx2, · · · , a+bxn},
where a and b are constants.
(i) Find a relationship between the means of these samples.
(ii) Show that the variance of the second sample is the variance of the first
sample multiplied by b2.

Solution.
(i) We have

a+ bx =
(a+ bx1) + (a+ bx2) + · · ·+ (a+ bxn)

n

=
na+ b(x1 + x2 + · · ·+ xn)

n
=
na+ nbx

n
=a+ bx.

(ii) We have

s2a+bx =
1

n− 1

(
n∑

i=1

(a+ bxi)
2 − n(a+ bx)2

)

=
1

n− 1

(
na2 + 2ab

n∑
i=1

xi + b2
n∑

i=1

x2i − (na2 + 2nabx+ b2(x)2)

)

=
b2

n− 1

(
n∑

i=1

x2i − nx

)
= b2sx
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Example 1.2.4
In a certain company, every worker received a $50-per-week raise. How does
this affect the mean salary? The standard deviation of the salaries?

Solution.
Using Example 1.2.3 with a=50 and b=1, the new mean after the raise is
50 + x. The standard deviation does not change since b = 1.

The Sample Median
Another statistic that measures the center of the data is the sample median.
The sample median is the middle value in an ordered sequence of data
values. To calculate the median, sort the data values from lowest to highest,
then find the value that is halfway through this ordered sequence. Thus, if n
denotes the number of data values and the values are ordered from smallest
to largest then the median is the value located at the position n+1

2
if n is

odd. If n is even then the median is the average of the values located at the
positions n

2
and n

2
+ 1.

Example 1.2.5
Find the sample median of Example 1.2.1.

Solution.
Arranging the values in increasing order, we find: 2, 4, 5, 6, 6, 6, 7, 7, 7, 8. The
sample median is 6+6

2
= 6

Outliers
An outlier is an extremely high or extremely low value in a sample or pop-
ulation.

Example 1.2.6
Find the outlier in the sample {1, 2, 3, 4, 20}.

Solution.
The outlier is 20 .

When a sample contains outliers, the median may be more representative
of the sample than the mean is. In Example 1.2.6, the mean is 6 whereas the
median is 3 which is a better representation of the center of the data as the
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mean. See Figure 1.2.1.

Figure 1.2.1

The Trimmed Mean
The trimmed mean(also known as truncated mean) is a measure of center
that is designed to be unaffected by outliers. In between the mean and the
median, the trimmed mean has some of the advantages of both without some
of the disadvantages.
The trimmed mean is computed by arranging the sample values in order,
“trimming” an equal number of them from each end, and computing the
mean of those remaining. If p% of the data are trimmed from each end,
the resulting trimmed mean is called the “p% trimmed mean.” The most
commonly used trimmed means are the 5%, 10%, and 20% trimmed means.
If n is the size of the sample and a p% trimmed mean is desired then the
number of data points to be trimmed is np/100 from each end. If this is
not a whole number, the simplest thing to do when computing by hand is to
round it to the nearest whole number and trim that amount.

Example 1.2.7
Find the 20% trimmed mean of the sample {5, 4, 7, 6, 8, 10, 11, 0, 7, 18}.

Solution.
Ordering the sample values from smallest to largest, we find 0, 4, 5, 6, 7, 7, 8, 10, 11, 18.
The 20% trimmed mean excludes the 2 smallest and 2 largest values from
the list and

x20 =
5 + 6 + 7 + 7 + 8 + 10

6
= 7.1667

The Mode and Range
The mode and the range are summary statistics that are of limited use but
are occasionally seen. The sample mode is the value that occurs most
often. If no number in the list is repeated, then there is no mode for the list.
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If all the numbers are repeated equally then each one is a mode.
The sample range is the difference between the largest and smallest values.
It is a measure of the spread of data but is seldom used.

Example 1.2.8
Find the mode and the range in Example 1.2.7.

Solution.
The mode is 7 and the range is 18− 0 = 18

Quartiles
Another measure of a data spread is the quartile. The median divides the
sample in half. Quartiles divide it as nearly as possible into quarters. A
sample has three quartiles. The simplest method when computing by hand
is as follows: Let n represent the sample size. Order the sample values from
smallest to largest. To find the first quartile, compute the value 0.25(n+ 1).
If this is an integer, then the sample value in that position is the first quar-
tile. If not, then take the average of the sample values on either side of this
value. The third quartile is computed in the same way, except that the value
0.75(n + 1) is used. The second quartile uses the value 0.5(n + 1). It is the
median of the sample.

Example 1.2.9
Find the quartiles of the data in Example 1.2.7.

Solution.
The sample size is n = 10. To find the first quartile, compute (0.25)(11) =
2.75. The first quartile is therefore found by averaging the 2nd and third
data points, when the sample is arranged in increasing order. This yields
(4 + 5)/2 = 4.5. Since 0.5(11) = 5.5, the second quartile is the average of
the 5th and 6th data points,i.e., (7 + 7)/2 = 7. To find the third quartile,
compute (0.75)(11) = 8.25. We average the 8th and 9th data points to obtain
(10 + 11)/2 = 10.5

Percentiles
Suppose 0 ≤ p ≤ 100. The pth percentiles of a sample divides the sample
so that as nearly as possible p% of the sample values are less than the pth
percentile, and (100− p)% are greater. To find the pth percentile, we order
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the sample values from smallest to largest, and then compute the quantity(
p

100

)
(n + 1), where n is the sample size. If this quantity is an integer, the

sample value in this position is the pth percentile. Otherwise average the two
sample values on either side. Thus, if p = 25 then

(
p

100

)
(n+ 1) = 0.25(n+ 1)

which is the first quartile. If p = 50 then
(

p
100

)
(n+1) = 0.5(n+1) which is the

second quartile or the median and if p = 75 then
(

p
100

)
(n+ 1) = 0.75(n+ 1)

which is the third quartile.
Percentiles are encountered in education. The statement that a student’s
percentile is 70 on the ACT test means that means that 70% of the students
who took the exam got lower scores.

Example 1.2.10
Find the 35th percentile of the sample in Example 1.2.7.

Solution.
Ordering the sample values from smallest to largest, we find

0, 4, 5, 6, 7, 7, 8, 10, 11, 18.

We have p
100

(n + 1) = 0.35(11) = 3.85. Hence, the 35th percentile is the
average of the 3rd and 4th sample values : 5+6

2
= 5.5

Summary Statistics for Categorical Data
When working with categorical data, numerical summaries are used. Two
most commonly used ones are the frequencies and the relative frequen-
cies. The frequency for a given category is simply the number of sample
items that fall into that category. The relative frequency is the frequency
divided by the sample size.

Example 1.2.11
MATH 3153 students have the following grades on their first exam:

A,A,B,C,B,D,B, F, C, C,B,A, F,D,D,C,B,B,A, F.

Construct a frequency and relative frequency tables for the distribution of
grades.

Solution.
We have
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Letter Grade Frequency Relative Frequency
A 4 0.2
B 6 0.3
C 4 0.2
D 3 0.15
F 3 0.15

Note that the total sum of the frequency values is the size of the sample and
that of the relative frequency is 1 = 100%

Summary Statistics of a Population
Each of the sample statistics we have discussed has a population counter-
part. Numerical summaries of samples are called statistics whereas those
of a population are called Parameters. Any numerical summary used for
a sample can be used for a finite population, just by applying the methods
of calculation to the population values rather than the sample values. One
small exception occurs for the population variance, where we divide by n
rather than n−1. In practice, the entire population is never observed, so the
population parameters cannot be calculated directly. Instead, the sample
statistics are used to estimate the values of the population parameters.

Example 1.2.12
Determine whether the given value is statistic or parameter.
(a) A sample of household selected and the average number of people per
household is 2.58.
(b) Currently, 42% of the governors of the United States are Democrats.

Solution.
(a) Statistic (b) Parameter
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