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7.5 Applying Definite Integrals to the Concept of Work

It has been shown how calculus can be applied to find solutions to geometric
problems such as problems concerned with computing area, volume, surface
area. and arc length. In this section calculus is used to solve problems that
arise from Physics and engineering.

The Concept of Work
The work done by a constant force, F , in moving an object a distance , d,
is equal to the product of the force and the distance moved. That is,

W = F · d.

The SI (international) unit of work is the joule (J), which is the work done
by a force of one Newton (N) pushing a body along one meter (m). Thus, 1
joule = 1 N-m. In the British system, a unit work is the foot-pound. Since
1N = 0.224809 lb(1 lb = 4.45 N) and 1m = 3.28084 ft (1 ft = 0.305 m),
we have 1J = 0.737561 ft− lb(1 ft− lb = 1.36 J).
Now, in most cases the applied force is not constant, but varies over the
straight line of motion. For example, suppose that the force, F (x), acting on
a particle as it moves along the straight line from a to b varies continuously.
In order to find the total work done by the force we divide the interval [a, b]
into n small equal subintervals [xi−1, xi], each of length ∆x, so that the
change in F is small along each subinterval, i.e., approximately constant.
Then the work done by the force in moving the body from xi−1 to xi is
approximately:

∆Wi ≈ F (x∗i )∆x

where xi−1 ≤ x∗i ≤ xi. Hence, the total work is

W ≈
n∑
i=1

F (x∗i )∆x.

As n→∞ the Riemann sum at the right converges to the following integral:

W =

∫ b

a
F (x)dx.

Remark 7.5.1
In physics, the kinetic energy of an object is the energy which it possesses
due to its motion. It is defined as the work needed to accelerate a body
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of a given mass from rest to its stated velocity. Having gained this energy
during its acceleration, the body maintains this kinetic energy unless its
speed changes. The same amount of work is done by the body in decelerating
from its current speed to a state of rest.

Example 7.5.1
Consider a spring on the x−axis so that its right end is at x = 0 when the
spring is at its rest position. According to Hooke’s Law, the force needed to
stretch the spring from 0 to x is proportional to x, i.e., F (x) = kx where k
is called the spring constant. See Figure 7.5.1.

Figure 7.5.1

Find the work done in stretching the spring a length of a.

Solution.

The work needed to stretch the spring from 0 to a is given by the inte-
gral

W =

∫ a

0
kxdx =

ka2
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Example 7.5.2 (Moving a Space Module into Orbit)
A space module weighs 15 metric tons on the surface of the Earth. How
much work is done in propelling the module to a height of 800 miles above
the surface of the Earth? Use 4000 miles as the radius of the Earth. Aslo,
use 1 metric ton = 2205 pounds and 1 mile = 5280 feet.

Solution.
Let x denote the distance from the module to the center of the Earth.
According to Newton’s Law of Gravitation, the force exerted on the module
is given by the formula F (x) = C

x2
. Since F (0) = 15 = C

40002
, we find
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C = 24 × 107. The work done to move the module to a distance 800 miles
from the surface of the Earth is

W =

∫ 4800

4000

24× 107

x2
dx = 10, 000mile− ton = 1.164× 1011 foot− pounds

Example 7.5.3 (Work Done lifting a Chain)
A chain that is 20 feet long and weighs 5 pounds per foot is lying on the
ground. Calculate the work required to lift one end of the chain to a height
of 20 feet?

Solution.
Let y denote the distance of one end of the chain to the ground. The weight
of this section of the chain is F (y) = 5y. Hence, the work required to lift
this end of the chain to a height of 20 feet is given by

W =

∫ 20

0
5ydy =

5y2
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]20
0

= 1000 foot− pounds

Example 7.5.4 (Work Done Filling (or Emptying) a Tank)
A tank in the shape of a right circular cone of height 10 m and radius 4
m is inserted into the ground with its vertex pointing down and its top at
ground level. If the tank is filled with water (density ρ = 1000kg/m3) to a
depth of 8 m, how much work is performed in pumping all the water in the
tank to ground level? What changes if the water is pumped to a height of
2 m above ground level?

Solution.
Set up a coordinate system as shown in Figure 7.5.2.
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Figure 7.5.2

Consider a layer of distance x∗i from the base of the cone and with thickness
∆x. The volume of such a circular layer is

Vi ≈ πr2i ∆x.

Using similar triangles we find that

ri
4

=
10− x∗i

10

and consequently ri = 2
5(10− x∗i ). Thus,

Vi ≈
4π

25
(10− x∗i )2∆x.

Hence its mass is mi = 10004π
25 (10− x∗i )2∆x = 160π(10− x∗i )2∆x.

The force required to raise this layer is

fi = mig = 9.8[160π(10− x∗i )2∆x] = 1568π(10− x∗i )2∆x.

The work done to raise it to the top of the tank is

Wi ≈ 1568π(10− x∗i )2x∗i∆x.

Adding the works done to raise these slices we obtain the total work done
to empty the tank:

W =

∫ 10

2
1568π(10− x)2xdx = 3.4× 106J.

Now if the water is pumped to a height of 2 m above ground level then

W =

∫ 10

2
1568π(10− x)2(x+ 2)dx = 5.04× 106J
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