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4.6 Newton’s Method

You recall that the Intermediate Value Theorem is a tool for establishing
the existence of a solution to an equation of the form f(x) = 0 which is
assumed to be difficult to solve for the solution. What if one is interested
in knowing the value of the solution? One way is to estimate the solution.
Newton’s method is a method for approximating solutions to equations. In
this section we discuss the basic idea of Newton’s Method and how to use
it.
Suppose that we know that a solution, labeled r, to the equation f(x) = 0
exists in some interval and we want to approximate this solution. We first
start guessing a solution x0 to the equation and we would like to find a
better approximation. To do this, we find the tangent line to the graph of
f(x) at x0 given by

y = f ′(x0)(x− x0) + f(x0).

As shown in Figure 4.6.1, this line crosses the x−axis at a point x1 that is
closer to r than the original approximation x0.

Figure 4.6.1

Solving for x1 we find

x1 = x0 −
f(x0)

f ′(x0)
.

Now we repeat the whole process to find an even better approximation. We
form up the tangent line to f(x) at x1 and use its root, which we will call
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x2, as a new approximation to the actual solution. If we do this we will
arrive at the following formula

x2 = x1 −
f(x1)

f ′(x1)
.

As shown in Figure 4.6.1, x2 is a better estimate than x1. Repeating this
process, if xn is an approximation to the solution and f ′(xn) 6= 0 then the
next approximation in Newton’s method is given by the formula

xn+1 = xn −
f(xn)

f ′(xn)
.

If the numbers xn become closer and closer to r as n becomes large, then
we say that the sequence of estimates converges to r and we write

lim
n→∞

xn = r.

How many times do we have to use this process before stopping? One of
the more common stopping points in the process is to continue until two
successive approximations agree to a given number of decimal places.
An important issue in Newton’s method is the choice of the initial guess x0.
One of the more common ways of getting our hands on x0 is to sketch the
graph of the function and use that to get an estimate of the solution which
we then use as x0. Another common method is if we know that there is a
solution to a function in an interval then we can use the midpoint of the
interval as x0.

Example 4.6.1
Use Newton’s Method to determine an approximation to the solution to
x3−2x−5 = 0 that lies in the interval [2, 3]. Find the approximation to five
decimal places.

Solution.
Let f(x) = x3 − 2x − 5. Note that f(2) = −1 and f(3) = 16 so that by
the Intermediate Value Theorem a solution exists in the interval [2, 3]. Our
initial guess is x0 = 2+3

2 = 2.5 and xn+1 is given by

xn+1 = xn −
x3n − 2xn − 5

3x2n − 2
.
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We find the following values

x1 =2.5− 2.53 − 2(2.5)− 5

3(2.5)2 − 2
= 2.164179104

x2 =2.097135356

x3 =2.094555232

x4 =2.094551482

So an estimate to the real solution to five decimal places is 2.09455

Example 4.6.2
Use Newton’s Method to determine an approximation to the solution to
cosx = x that lies in the interval [0, 2]. Find the approximation to six
decimal places.

Solution.
Let f(x) = cosx−x. Note that f(0) = 1 > 0 and f(2) = cos 2−2 ≈ −2.42 <
0 so that by the Intermediate Value Theorem there is a solution to f(x) = 0
in the interval [0, 2]. For our initial guess, we will select x0 = 0+2

2 = 1. The
formula for xn+1 is

xn+1 = xn +
cosxn − xn
1 + sinxn

.

We find the following values

x1 =0.7552224171

x2 =0.739141661

x3 =0.7390851339

x4 =0.7390851332

So an estimate to the real solution to six decimal places is 0.739085
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