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4.5 Mathematical Modeling and Optimization

The branch of mathematics that consists of developing a mathematical
framework that is used to solve a real world problem is referred to as math-
ematical modeling.
With the calculus skills that we have developed so far, we will use mathemat-
ical modeling and calculus to solve optimization problems. By optimiza-
tion we mean the process of finding either the maximum or the minimum
of a function.
We outline a general optimization procedure:

Step 1. Draw a figure (if appropriate) and label all quantities relevant to
the problem.
Step 2. Name the quantity to be optimized. Find a formula for the quantity
to be optimized.
Step 3. Use conditions in the problem to eliminate variables in order to ex-
press the quantity to be optimized in terms of a single variable.
Step 4. Find the practical domain of the variable in Step 3.
Step 5. If possible, use the methods you have learned so far to obtain the
optimum value.

Example 4.5.1
A carpenter wants to make an open-topped box out of a rectangular sheet of
tin 24 inches wide and 45 inches long. The carpenter plans to cut congruent
squares out of each corner of the sheet and then bend and solder the edges
of the sheet upward to form the sides of the box, as shown in Figure 4.5.1.

Figure 4.5.1

For what dimensions does the box have the greatest possible volume?

Solution.
Let x be the side of each square. When constructing the box, the length
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of the base is 45 − 2x, the width is 24 − 2x and the height of the box is x.
Thus, the volume is given by the formula

V = x(24 − 2x)(45 − 2x) = 4x3 − 138x2 + 1080x.

This quantity is to be maximized. The domain of this function consists of
those numbers that satisfy x ≥ 0, 24− 2x ≥ 0, and 45− 2x ≥ 0. Solving this
compound inequality we find that the domain is the interval [0, 12].
We next find the critical numbers of the function V (x) which are the zeros
of V ′(x). That is, we solve the equation

12x2 − 276x + 1080 = 0

or after dividing by 12 and factoring

(x− 18)(x− 5) = 0.

Thus, the critical numbers are x = 18 and x = 5. The value x = 18 is
to be discarded since it is not in the interval [0, 12]. Evaluating V (x) at
x = 0, x = 5, and x = 12 we find V (0) = 1080, V (5) = 2450, and V (12) = 0.
Thus, V (x) is maximized at x = 5. So the box with the largest volume has
dimensions 5 in× 14 in× 35 in

Example 4.5.2
You need to fence a rectangular play zone for children. What is the max-
imum area for this play zone if it is to fit into a right-triangular plot with
sides measuring 4 m and 12 m?

Solution.
We start by drawing a picture of the play zone as shown in Figure 4.5.2.

Figure 4.5.2
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Let x and y be the dimensions of the inscribed rectangle. Then the quantity
to be maximized is the area of the rectangle given by A = xy. First, we
must express A as a function of a single variable. To do this, note that,
the triangles ABC and ADF are similar triangles so that the corresponding
sides are proportional and therefore we can write

4 − y

4
=

x

12

or y = 4− 1
3x. Substituting back into A to obtain A = x(4− 1

3x) = 4x− 1
3x
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with 0 ≤ x ≤ 12. Next, we find the critical numbers that are the zeros of the
derivative function A′(x) = 4 − 2

3x. Solving for x we find x = 6. Evaluating
A at the endpoints and at the critical point we find A(0) = A(12) = 0
and A(6) = 12. Thus, the maximum area occurs when x = 6. In this case,
y = 4 − 1

3(6) = 2. Thus, the largest rectangular play zone that can be built
in the triangular plot is a rectangle 6 m long and 2 m wide
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