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4.1 Maximum and Minimum Values

Points of interest on the graph of a function are those points that are the
highest on the curve, or the lowest, either in a specific interval I of the
domain of the function or in the whole domain.
The highest point, say (a, f(a)), in a specific interval in the domain of the
function is called a local maximum and satisfies f(x) ≤ f(a) for all x in
an interval I. A local minimum is a point (a, f(a)) such that f(a) ≤ f(x)
for all x in an interval I containing a. By local extrema we mean both
local maxima and local minima.

Example 4.1.1
Find the local maxima and the local minima of the function given in Figure
4.1.1.

Figure 4.1.1

Solution.
The local maxima occur at (−2, f(−2)) and (14, f(14)) whereas the local
minimum occurs at (8, f(8))

We notice from the previous example that local extrema occur at points
p where the derivative is either zero or undefined. We call p a critical
number, f(p) a critical value, and (p, f(p)) a critical point. Most of
the critical numbers that we will encounter in this book are of the form
f ′(p) = 0 type. The following theorem asserts that local extrema occur at
the critical points.

Theorem 4.1.1
Suppose that f is defined on an interval I and has a local maximum or
minimum at an interior point x = a. If f is differentiable at (a, f(a)) then
f ′(a) = 0.
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Remark 4.1.1
By Theorem 4.1.1, local extrema are always critical points. The converse of
this statement is not true in general. That is, there are critical points that
are not local extrema of a function. An example of this situation is given
next.

Example 4.1.2
Show that f(x) = x3 has a critical point at (0, 0) but (0, 0) is neither a local
maximum nor a local minimum.

Solution.
Finding the derivative to obtain f ′(x) = 3x2. Setting this to 0 we find the
critical point (0, 0). Since f ′(x) does not change sign at x = 0, (0, 0) is nei-
ther a local maximum nor a local minimum

Absolue Maximum and Minimum
The highest point, say (a, f(a)), in the whole domain Df of a function f is
called an absolute maximum and satisfies f(x) ≤ f(a) for all x in Df .
An absolute minimum is a point (a, f(a)) such that f(a) ≤ f(x) for all
x in Df . By absolute extrema we mean both absolute maxima and local
minima.
The process of finding the global extrema is called optimization. Problems
that involve finding the global extrema are called optimization problems.

The following theorem gives conditions under which a function is guaranteed
to possess absolute extrema.

Theorem 4.1.2 (The Extreme Value Theorem)
Any continuous function in a closed interval has an absolute maximum and
an absolute minimum in that interval.

How do you find the absolute extrema of a continuous function on a closed
interval? They are found as follows:
Step 1. Find the values of f at the critical numbers in (a, b).
Step 2. Evaluate f(a) and f(b).
Step 3. The largest value from Steps 1 and 2 is the absolute maximum and
the smallest value is the absolute minimum.

Example 4.1.3
Find the global extrema of the function f(x) = x3 − 9x2 − 48x + 52 on the
closed interval [−5, 12].
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Solution.
Finding the derivative of f(x) we get f ′(x) = 3x2 − 18x − 48. Solving the
equation f ′(x) = 0, that is, x2 − 6x− 16 = 0 we find the critical numbers at
x = 8 and x = −2. Now, evaluating the function at these points and at the
endpoints we find

f(−5) = − 58

f(−2) =104

f(8) = − 396

f(12) = − 92.

It follows that (−2, 104) is the global maximum point and (8,−396) is the
global minimum point
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