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2.8 Linear Approximations and Differentials

In this section we approximate graphs by tangent lines which we refer to
as tangent line approximations. We also discuss the use of linear approxi-
mation in the estimate of errors that occur to a function when an error to
the independent variable is given. This estimate is referred to as differential.

Tangent Line Approximations
Consider a function f(x) that is differentiable at a point a. For points close
to a, we approximate the values of f(x) near a via the tangent line at a
whose equation is given by

L(x) = f ′(a)(x− a) + f(a).

We call L(x) the local linearization of f(x) at x = a.
The approximation

f(x) ≈ f ′(a)(x− a) + f(a)

is called the linear approximation or tangent line approximation of
f(x) at x = a. It follows that the graph of f(x) near a can be thought of as
a straight line.

Example 2.8.1
Find the tangent line approximation of f(x) = sinx near a = 0.

Solution.
According to the formula above, we have

f(x) ≈ f(0) + f ′(0)x.

But f(0) = 0 and f ′(0) = 1 since f ′(x) = cosx. Hence, for x close to 0, we
have

sinx ≈ x

Estimation Error
As with any estimation method, an error is being committed. We de-
fine the absolute error of the linear approximation to be the difference
E(x) =Exact − Approximate and is given by

E(x) = f(x)− [f ′(a)(x− a) + f(a)].
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Figure 2.8.1 shows the tangent line approximation and its absolute error.

Figure 2.8.1

Absolute error tells us how much our estimate deviates from the correct
value or how large the error is. If E(x) < 0 then the approximation is an
overestimate whereas if E(x) > 0 then the approximation is an underes-
timate. Note that an absolute error has the same units as the quantities
measured.
Two setbacks of this type of error: First, its significance is not very informa-
tive. Second, it dependes on units. For example, if the exact value is 5 km
and the estimate is 4 km then the absolute error is 1 km. If we use meters
instead of kilometers then the absolute error would be 1000 m.
A better estimate of error is the relative error defined by

E(x)

f(x)
=
f(x)− f ′(a)(x− a)− f(a)

f(x)
.

Thus, a relative error tells us how large the absolute error is compared to
the correct value. In contrast to absolute value, relative error has no units.
The smaller the relative error the better the estimation. When the relative
error is written in percentage form, we refer to it as the percentage error.

Example 2.8.2
Find the absolute error, the relative error and the percentage error of the
approximation 3.14 to the value of π.
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Solution.
The absolute error is

π − 3.14 = 0.0015926536.

The relative error is

0.0015926536

π
= 0.000506957383.

The percentage error is

(0.000506957383× 100)% = 0.0506957383%

Differentials
Now, suppose f is a differentiable function at x. Then we define the exact
change of x along the curve from x to x+h to be the quantity ∆x = h and the
exact change in y along the curve to be the quantity ∆y = f(x+ h)− f(x).
The corresponding changes on the tangent line at x and y = f(x) are denoted
by dx and dy = df and are called the differential of x and y respectively.
See Figure 2.8.2.

Figure 2.8.2

Clearly, dx = ∆x. Note that if dx 6= 0 then dx and dy are the run and the
rise between two points on the tangent line, whose slope is f ′(x), so that

f ′(x) =
dy

dx
.
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Notice that even though this equation looks like a statement relating Leibniz
and prime notation for the derivative, dy

dx is an actual ratio of numbers rather
than a symbol for the derivative.

Example 2.8.3
Complete the following:
(a) d(sinx) =
(b) d(cosx) =
(c) d(xn) =

Solution.
(a) d(sinx) = cosxdx
(b) d(cosx) = − sinxdx
(c) d(xn) = nxn−1dx

For small dx, the point x+dx is close to x so that by the linear approximation
of f(x) at x we can write

f(x+ dx) ≈ f(x) + f ′(x)dx = f(x) + dy

so that ∆y ≈ dy. Hence, the differential of y is an estimate of the change of
values of a function between two points.

Example 2.8.4
Approximate 1

3.98 using differentials. Use a calculator to compute the error.
Is the approximation an overestimate or an underestimate?

Solution.
Let f(x) = 1

x then f ′(x) = − 1
x2 . Let x = 4 and dx = −0.02. Then

1

3.98
=f(x+ dx) ≈ f(4) + f ′(4)dx

=
1

4
− 1

16
(−0.02) = 0.25125.

Using a calculator, we find

Absolute Error =
1

3.98
− 0.25125 ≈ 6.28× 10−6.

Hence the approximation is an underestimate

Example 2.8.5
Estimate the change in the area of a square if its edge length is decreased
from 10 inches to 9.8 inches.
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Solution.
Let x be the edge length, so the area is A = x2 = f(x). Since x changes
from 10 to 9.8, the change in x is dx = −0.2. We have

dA = f ′(x)dx = 2xdx,

so the estimated change in A is

dA = 2 · 10 · (−0.2) = −4.

The area will decrease by about 4 square inches
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