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2 Linear Functions

This section is designed to introduce students to the concept of linear func-
tions.
A linear function f is a function with the property that for any two points
(x1, f(x1)) and (x2, f(x2)) on the graph of f , the difference quotient (also
known as the rate of change)

f(x2)− f(x1)

x2 − x1

is constant. We say that y is changing at a constant rate with respect to x.
Thus, y changes by the same amount for every unit change in x. Geometri-
cally, the graph is a straight line ( and thus the term linear). The constant
rate of change, denoted by m, is called the slope of the line and Figure 3
shows its geometrical significance.

Figure 3

Example 2.1
Show that the function f(x) = x2 is not linear.
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Solution.
Taking the points (0, 0) and (1, 1) we find

f(1)− f(0)

1− 0
= 1.

On the other hand, taking the points (1, 1) and (2, 4) we find

f(2)− f(1)

2− 1
= 3.

Thus, f is not linear.

Example 2.2
Suppose you pay $ 192 to rent a booth for selling necklaces at an art fair.
The necklaces sell for $32. Explain why the function that shows your net
income (revenue from sales minus rental fees) as a function of the number of
necklaces sold is a linear function.

Solution.
Let P (n) denote the net income from selling n necklaces. Each time a neck-
lace is sold, that is, each time n is increased by 1, the net income P is
increased by the same constant, $32. Thus the rate of change for P is always
the same, and hence P is a linear function.

Testing Data for Linearity
Next, we will consider the question of recognizing a linear function given by
a table.
Let f be a linear function given by a table. Then the rate of change is the
same for all pairs of points in the table. In particular, if the x values are
evenly spaced then so do the y values.

Example 2.3
Which of the following tables could represent a linear function?

x f(x)
0 10
5 20
10 30
15 40

x g(x)
0 20
10 40
20 50
30 55
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Solution.
In the table for f(x), the x value is increased by 5 each time. At the same
time the y value is increased by the same value 10. Thus, f(x) is a linear
function. On the contrary, the x values of g(x) are evenly spaced but the y
values are not. Thus, g(x) is not linear.

It is possible to have a table of linear data in which neither the x−values nor
the y−values are evenly spaced. However, the rate of change of any pairs of
points in the table is constant.

Example 2.4
The following table contains linear data, but some data points are missing.
Find the missing data points.

x 2 5 8
y 5 17 23 29

Solution.
Consider the points (2, 5), (5, a), (b, 17), (8, 23), and (c, 29). Since the data is
linear, we must have a−5

5−2
= 23−5

8−2
. That is, a−5

3
= 3. Cross multiplying to

obtain a − 5 = 9 or a = 14. It follows that when x in increased by 1, y
increases by 3. Hence, b = 6 and c = 10.

Next, we consider the question of recognizing a linear function defined by
an equation.
Linear functions come in three main forms: slope-intercept form, point-slope
form, and standard form. Suppose, first, that f(x) is a linear function of
x. Then f changes at a constant rate, say m. That is, if we pick two points
(0, f(0)) and (x, f(x)) then

m =
f(x)− f(0)

x− 0
.

Writing f(x) in terms of x we obtain f(x) = mx + f(0). This is the function
notation of the linear function f(x). Another notation is the equation nota-
tion, y = mx + f(0). We will denote the number f(0) by b. In this case, the
linear function will be written as

f(x) = mx + b or y = mx + b.

We call this equation the slope-intercept form since it involves the slope
m and the vertical intercept b.
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Example 2.5
The value of a new computer equipment is $20,000 and the value drops at a
constant rate so that it is worth $0 after five years. Let V (t) be the value of
the computer equipment t years after the equipment is purchased.

(a) Find the slope m and the y-intercept b.
(b) Find a formula for V (t).

Solution.
(a) Since V (0) = 20, 000 and V (5) = 0, the slope of V (t) is

m =
0− 20, 000

5− 0
= −4, 000

and the vertical intercept is V (0) = 20, 000.
(b) A formula of V (t) is V (t) = −4, 000t + 20, 000. In financial terms, the
function V (t) is known as the straight-line depreciation function.

Now, if the slope m of a line is known and one point (x0, y0) is given then by
taking any point (x, y) on the line and using the definition of m we find

y − y0

x− x0

= m.

Cross multiply to obtain: y − y0 = m(x− x0). This is known as the point-
slope form of a line.

Example 2.6
Find the equation of the line passing through the point (100, 1) and with
slope m = 0.01.

Solution.
Using the above formula we have: y − 1 = 0.01(x− 100) or y = 0.01x.

Note that the form y = mx + b can be rewritten in the form

Ax + By + C = 0. (1)

where A = m, B = −1, and C = b. The above form is known as the standard
form of a linear function.
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Example 2.7
Rewrite in standard form: 3x + 2y + 40 = x− y.

Solution.
Subtracting x− y from both sides to obtain 2x + 3y + 40 = 0.

Families of Linear Functions: Interpretations of the parameters
m and b
We have seen that the graph of a linear function f(x) = mx + b is a straight
line. But a line can be horizontal, vertical, rising to the right or falling to
the right. The slope is the parameter that provides information about the
steepness of a straight line.

• If m = 0 then f(x) = b is a constant function whose graph is a hori-
zontal line with y−intercept (0, b).
• For a vertical line, the slope is undefined since any two points on the line
have the same x-value and this leads to a division by zero in the formula for
the slope. The equation of a vertical line has the form x = a.
• Suppose that the line is neither horizontal nor vertical. If m > 0, that is
f(x2)−f(x1)

x2−x1
> 0 we find that for x1 < x2 we must have f(x1) < f(x2). This

shows that the function f is increasing. Graphically, the line is rising to the
right.
• If m < 0 then for x1 < x2 we must have f(x1) > f(x2). This shows that
the function f is decreasing. Graphically, the line is falling to the right.
• The slope, m, tells us how fast the line is climbing or falling. The larger
the value of m the more the line rises and the smaller the value of m the
more the line falls.
The parameter b tells us where the line crosses the vertical axis. This location
is called the y−intercept.

Example 2.8
Arrange the slopes of the lines in the figure from largest to smallest.
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Figure 4

Solution.
According to Figure 4 we have

mG > mF > mD > mA > mE > mB > mC .
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