
8 Addition and Subtraction of Whole Numbers

In this section we introduce the operations of addition and subtraction of whole
numbers W = {0, 1, 2, · · ·} and discuss their properties. This will be done by
means of two models: a set model and a number line model.

Addition and Its Properties
Finding the sum of two numbers is one of the first mathematical ideas a child
encounters after learning the concept of whole numbers.

•The Set Model of Whole Number Addition
The idea of combining sets (that is, union) is used to define addition. An exam-
ple is combining 5 frogs with three frogs to obtain a total of 8 frogs. See Figure
8.1.

Figure 8.1

Thus, to find ”5+3”, find two disjoint sets, one with five elements and one with
three elements, form their union, and then count the total number of elements.
This suggests the following general definition of addition: If a set A contains
a elements and a set B contains b elements with A ∩ B = ∅ then a + b is the
number of elements in A ∪B.
The expression ”a+b” is called the sum and the numbers a and b are called the
addends or summands.

Example 8.1
Find the sum of 2 and 4.

Solution.
Let A = {a, b} and B = {c, d, e, f}. Then A ∪ B = {a, b, c, d, e, f}. Hence,
2 + 4 = n(A ∪ B) = 6, where n(A ∪ B) denotes the number of elements in the
set A ∪B.

Because the sum of two whole numbers is again a whole number then we call
addition a binary operation. Similarly, multiplication of whole numbers is
a binary operation. However, subtraction and division of whole numbers are
not binary operations since for example it is possible for the difference or ratio
of two whole numbers not to be a whole number such as 2−3 = −1 and 3

2 = 1.5.

•Number Line Model for Addition
On the number line, whole numbers are geometrically interpreted as distances.
Addition can be visualized as combining two distances to get a total distance.
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The result of adding 3 and 5 is shown in Figure 8.2.

Figure 8.2

Example 8.2
Josh has 4 feet of red ribbon and 3 feet of white ribbon. How many feet of
ribbon does he have altogether?

Solution.
According to Figure 8.3, Josh has a total of 7 feet of ribbon.

Figure 8.3

Next we examine some fundamental properties of addition of whole numbers
that can be helpful in simplifying computations.

Closure Property
The sum of any two whole numbers is also a whole number, so we say that the
set of whole numbers is closed under the operation of addition. This is the
same as saying that addition is a binary operation.

Commutative Property
If a and b are any two whole numbers then a + b = b + a.
This follows clearly from the fact that the sets A ∪B and B ∪A are equal.

Associative Property
If a, b, and c are three whole numbers then a + (b + c) = (a + b) + c.
This follows from the fact that A ∪ (B ∪ C) = (A ∪B) ∪ C.

Identity Property for Addition
If a is a whole number then a + 0 = 0 + a = a.
This follows from the fact that A ∪ ∅ = ∅ ∪A = A.

The addition properties are very useful when adding several whole numbers,
since we are permitted to rearrange the order of the addends and the order in
which pairs of addends are summed.

Example 8.3
Which properties justifies each of the following statements?
(a) 8 + 3 = 3 + 8
(b) (7 + 5) + 8 = 7 + (5 + 8).
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Solution.
(a) Commutative property.
(b) Associative property.

Example 8.4
Justify each equality below

(20 + 2) + (30 + 8) = 20 + [2 + (30 + 8)] (i)
= 20 + [(30 + 8) + 2] (ii)
= 20 + [30 + (8 + 2)] (iii)
= (20 + 30) + (8 + 2) (iv)

Solution.
(i) Associative property (ii) commutative property (iii) associative property
(iv) associative property.

Practice Problems

Problem 8.1
Explain whether the following sets are closed under addition. If the set is not
closed, give an example of two elements in the set whose sum is not in the set.
(a) {0}
(b) {0, 3, 6, 9, 12, · · ·}
(c) {1, 2, 3, 4, 5, · · ·}
(d) {x ∈W |x > 10}.

Problem 8.2
Each of the following is an example of one of the properties for addition of whole
numbers. Identify the property illustrated:
(a) 1 + 5 = 5 + 1
(b) (1 + 5) + 7 = 1 + (5 + 7)
(c) (1 + 5) + 7 = (5 + 1) + 7.

Problem 8.3
What properties of whole number addition are shown below?

Problem 8.4
Let A = {a, b, c}, B = {d, e}, C = {d, b, f}.
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(a) Find n(A ∪B), n(A ∪ C), and n(B ∪ C).
(b) In which case is the number of elements in the union is not the sum of the
number of elements in the individual sets?

Problem 8.5
Let n(A) = 5, n(B) = 8, and n(A∪B) = 10. What can you say about n(A∩B)?

Problem 8.6
The set C contains 2 and 3 and is closed under addition.
(a) What whole numbers must be in C?
(b) What whole numbers may not be in C?
(c) Are there any whole numbers definitely not in C?

Problem 8.7
Find 3 + 5 using a number line.

Problem 8.8
For which of the following pairs of sets is it true that n(D) + n(E) = n(D∪E)?
(a) D = {1, 2, 3, 4}, E = {7, 8, 9, 10}
(b) D = ∅, E = {1}
(c) D = {a, b, c, d}, E = {d, c, b, a}.

Problem 8.9
Each of the following is an example of one of the properties for addition of whole
numbers. Fill in the blank to complete the statement, and identify the property.
(a) 5 + = 5
(b) 7 + 5 = + 7
(c) (4 + 3) + 6 = 4 + ( + 6)
(d) (4 + 3) + 6 = + (4 + 3)
(e) (4 + 3) + 6 = (3 + ) + 6
(f) 2 + 9 is a number.

Problem 8.10
A first grader works out 6 + = 10 by counting forward on a number line.
”I start at 6 and count up to 10. That’s 6,7,8,9,10. The answer is 5.”
(a) What is the child confused about?
(b) How would you help the child understand the correct procedure?

Subtraction of Whole Numbers
Subtraction of whole numbers can be modeled in several ways including the set
(take-away) model, the missing-addend model, the comparison model, and the
number-line model.

•Take-Away Model
You remember that in addition, a first set of objects is added to a second set
of objects. For subtraction, a second set of objects is taken away from a first
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set of objects. For example, suppose that we have five circles and take away 2
of them, as shown in Figure 8.4. We record this process as 5 - 2 = 3.

Figure 8.4

Using sets, we can state the above approach as follows: Let a and b be two whole
numbers and A and B be two sets such that B ⊆ A, a = n(A), and b = n(B).
Then

a− b = n(A−B)

where A−B = {x ∈ A and x 6∈ B}.

•The Missing-Addend Model
This model relates subtraction and addition. In this model, given two whole
numbers a and b we would like to find the whole number c such that c + b = a.
We call c the missing-addend and its value is c = a− b.
Cashiers often use this model. For example, if the bill for a movie is $8 and you
pay $10, the cashier might calculate the change by saying ”8 and 2 is 10.”
From this model one can define subtraction of whole numbers as follows: Let
a and b be two whole numbers with a ≥ b. Then a − b is the unique number c
such that c + b = a.

•The Comparison Model
A third approach to consider subtraction is by using a comparison model. Sup-
pose Jean has 5 circles and Peter has 3 circles and we want to know how many
more circles Jean has than Peter. We can pair Peter circles with some of Jean
circles, as shown in Figure 8.5, and determine that Jean has 2 more circles than
Peter. We also write 5− 3 = 2.

Figure 8.5

•The Number-Line Model
Subtraction can also be modeled on a number line, as shown in Figure 8.6
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Figure 8.6

Practice Problems

Problem 8.11
Rewrite each of the following subtraction problems as an equivalent addition
problem:
(a) 21− 7 = x (b) x− 119 = 213 (c) 213− x = 119.

Problem 8.12
Explain how the following model can be used to illustrate each of the following
addition and subtraction facts:
(a) 9 + 4 = 13 (b) 4 + 9 = 13 (c) 4 = 13− 9 (d) 9 = 13− 4.

Problem 8.13
Identify the conceptual model of subtraction that best fits these problems.
(a) Mary got 43 pieces of candy trick-or-treating on Halloween. Karen got 36
pieces. How many more pieces of candy does Mary have than Karen?
(b) Mary gave 20 pieces of her 43 pieces of candy to her sick brother, Jon. How
many pieces of candy does Mary have left?
(c) Karen’s older brother, Ken, collected 53 pieces of candy. How many more
pieces of candy would Karen need to have as many as Ken?
(d) Ken left home and walked 10 blocks east along Grand Avenue trick-or-
treating. The last 4 blocks were after crossing Main Street. How far is Main
Street from Ken’s house?

Problem 8.14
Jeff must read the last chapter of his book. It begins on the top of page 241
and ends at the bottom of page 257. How many pages must he read?

Problem 8.15
There is a nonempty subset of the whole numbers that is closed under subtrac-
tion. Find this subset.

Problem 8.16
For each of the following determine whole numbers x, y, and z that make the
statement true.
(a) x− 0 = 0− x = x.
(b) x− y = y − x
(c) (x− y)− z = x− (y − z).
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Problem 8.17
The property ”If a + c = b + c then a = b” is called the additive cancellation
property. Is this property true for all whole numbers? If it is, how would you
convince your students that it is always true? If not, give a counterexample.

Problem 8.18
How would you use the number line to show a child that 5− 2 = 3?

Problem 8.19
Make a drawing that shows 8− 2 = 6 using
(a) take-away approach
(b) comparison approach
(c) number line approach.

Problem 8.20
A first grader works out 8− 3 by counting back on a number line. ”I start at 8
and go back 3. That’s 8, 7, 6. The answer is 6.”
(a) What is the child confused about?
(b) How would you help the child understand the correct procedure?

Problem 8.21
Represent the following algebraic expressions, using the variable x.
(a) The difference between 10 and a number.
(b) A number is increased by 2.
(c) The sum of a number and 6.

Problem 8.22
Solve the following using addition and subtraction:” John starts off with $A.
He buys food for $F and clothes for $C, and then he receives a paycheck for $P.
Write an expression representing the total amount of money he has now.”

Problem 8.23
Under what conditions (a− b)− c is a whole number?

Problem 8.24
If a− b = c then a− (b + 1) = .

Problem 8.25
Consider the following problem:”Dad just hung up 3 shirts from the laundry in
the closet next to his other shirts. Now there are 10 shirts in the closet. How
many were there before?”

Problem 8.26
How could you measure 1 oz of syrup using only a 4-oz container and a 7-oz
container?

Problem 8.27
A number chain is created by adding and subtracting. The number in each
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square is the sum of the numbers that are next to it on both sides as shown in
the figure below.

Consider the number chain

(a) Fill in the circles with numbers that work.
(b) If possible, find a second solution.
(c) Start with X in the upper left-hand circle and use algebra to fill in all the
circles.
(d) What does your answer in part (c) tell you about the relationship between
the numbers in opposite corners?

Problem 8.28
A child in a first-grade class asks,”What does 2 − 3 equal?” How would you
respond?
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