
4 Sets and Operations on Sets

The languages of set theory and basic set operations clarify and unify many
mathematical concepts and are useful for teachers in understanding the math-
ematics covered in elementary school. Sets and relations between sets form a
basis to teach children the concept of whole numbers. In this section, we intro-
duce some of the basic concepts of sets and their operations.

Sets
In everyday life we often group objects to make things more manageable. For
example, files of the same type can be put in the same folder, all clothes in the
same closet, etc. This idea has proved very convenient and fruitful in mathe-
matics.
A set is a collection of objects called members or elements. For example, all
letters of the English alphabet form a set whose elements are all letters of the
English alphabet. We will use capital letters for sets and lower case letters for
elements.
There are three ways to define a set:

• Verbal description: A = {all letters of the English alphabet}
• Roster notation or Listing in braces:

A = {a, b, c, d, e, f, g, h, i, j, k, l,m, n, o, p, q, r, s, t, u, v, w, x, y, z}
• Set-builder notation: A = {x|x is a letter of the English alphabet}.

In the last case a typical element of A is described. We read it as ”A is the set
of all x such that x is a letter of the English alphabet.” The symbol ”|” reads
as ”such that.”

Example 4.1
(a) Write the set {2, 4, 6, · · ·} using set-builder notation.
(b) Write the set {2n− 1|n ∈ N} by listing its elements. N is the set of natural
numbers whose elements consists of the numbers 1, 2, 3, · · · .

Solution.
(a) {2, 4, 6, · · ·} = {2n|n ∈ N}.
(b) {2n− 1|n ∈ N} = {1, 3, 5, 7, · · ·}.

Members of a set are listed without repetition and their order in the list is im-
material. Thus, the set {a, a, b} would be written as {a, b} and {a, b} = {b, a}.
Membership is symbolized by ∈ . If an element does not belong to a set then
we use the symbol 6∈. For example, if N is the set of natural numbers, i.e.
N = {1, 2, 3, · · ·} where the ellipsis ” · · · ” indicates ”and so on”, then 15 ∈ N
whereas −2 6∈ N.
The set with no elements is called the empty set and is denoted by either {}
or the Danish letter ∅. For example, {x ∈ N|x2 = 2} = ∅.
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Example 4.2
Indicate which symbol, ∈ or 6∈, makes each of the following statements true:
(a) 0 ∅
(b) {1} {1, 2}
(c) ∅ ∅
(d) {1, 2} {1, 2}
(e) 1024 {2n|n ∈ N}
(f) 3002 {3n− 1|n ∈ N}.

Solution.
(a) 0 6∈ ∅
(b) {1} 6∈ {1, 2}
(c) ∅ 6∈ ∅
(d) {1, 2} 6∈ {1, 2}
(e) 1024 ∈ {2n|n ∈ N} since 1024 = 210.
(f) 3002 ∈ {3n− 1|n ∈ N} since 3002 = 3× 1001− 1.

Two sets A and B are equal if they have the same elements. We write A = B.
If A does not equal B we write A 6= B. This occurs, if there is an element in
A not in B or an element in B not in A. For example, {x|x ∈ N, 1 ≤ x ≤ 5} =
{1, 2, 3, 4, 5} whereas {1, 2} 6= {2, 4}.

Example 4.3
Which of the following represent equal sets?

A = {orange, apple} B = {apple, orange}
C = {1, 2} D = {1, 2, 3}
E = {} F = ∅
G = {a, b, c, d}

Solution.
A = B and E = F.

If A and B are sets such that every element of A is also an element of B,
then we say A is a subset of B and we write A ⊆ B. Every set A is a subset
of itself. A subset of A which is not equal to B is called proper subset. We
write A ⊂ B. For example, the set {1, 2} is a proper subset of {1, 2, 3}. Any
set is a subset of itself, but not a proper subset.

Example 4.4
Given A = {1, 2, 3, 4, 5}, B = {1, 3}, C = {2n − 1|n ∈ N}.

(a) Which sets are subsets of each other?
(b) Which sets are proper subsets of each other?

Solution.
(a) A ⊆ A, B ⊆ B, C ⊆ C, B ⊆ C, and B ⊆ A.

2



(b) B ⊂ A and B ⊂ C.

Relationships between sets can be visualized using Venn diagrams. Sets are
represented by circles included in a rectangle that represents the universal set,
i.e., the set of all elements being considered in a particular discussion. For ex-
ample, Figure 4.1 displays the Venn diagram of the relation A ⊆ B.

Figure 4.1

Example 4.5
Suppose M is the set of all students taking mathematics and E is the set of
all students taking English. Identify the students described by each region in
Figure 4.2

Figure 4.2

Solution.
Region (a) contains all students taking mathematics but not English.
Region (b) contains all students taking both mathematics and English.
Region (c) contains all students taking English but not mathematics.
Region (d) contains all students taking neither mathematics nor English.

Practice Problems

Problem 4.1
Write a verbal description of each set.
(a) {4, 8, 12, 16, · · ·}
(b) {3, 13, 23, 33, · · ·}

Problem 4.2
Which of the following would be an empty set?
(a) The set of purple crows.
(b) The set of odd numbers that are divisible by 2.

Problem 4.3
What two symbols are used to represent an empty set?
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Problem 4.4
Each set below is taken from the universe N of counting numbers, and has been
described either in words, by listing in braces, or with set-builder notation.
Provide the two remaining types of description for each set.
(a) The set of counting numbers greater than 12 and less than 17
(b) {x|x = 2n and n = 1, 2, 3, 4, 5}
(c) {3, 6, 9, 12, · · ·}

Problem 4.5
Rewrite the following using mathematical symbols:

(a) P is equal to the set whose elements are a, b, c, and d.
(b) The set consisting of the elements 1 and 2 is a proper subset of {1, 2, 3, 4}.
(c) The set consisting of the elements 0 and 1 is not a subset of {1, 2, 3, 4}.
(d) 0 is not an element of the empty set.
(e) The set whose only element is 0 is not equal to the empty set.

Problem 4.6
Which of the following represent equal sets?

A = {a, b, c, d} B = {x, y, z, w}
C = {c, d, a, b} D = {x ∈ N|1 ≤ x ≤ 4}
E = ∅ F = {∅}
G = {0} H = {}
I = {2n + 1|n ∈W} where W = {0, 1, 2, 3, · · ·}
J = {2n− 1|n ∈ N}

Problem 4.7
In a survey of 110 college freshmen that investigated their high school back-
grounds, the following information was gathered:
25 students took physics
45 took biology
48 took mathematics
10 took physics and mathematics
8 took biology and mathematics
6 took physics and biology
5 took all 3 subjects.

(a) How many students took biology but neither physics nor mathematics?
(b) How many students took biology, physics or mathematics?
(c) How many did not take any of the 3 subjects?

Problem 4.8
Twenty-four dogs are in a kennel. Twelve of the dogs are black, six of the dogs
have short tails, and fifteen of the dogs have long hair. There is only one dog
that is black with a short tail and long hair. Two of the dogs are black with
short tails and do not have long hair. Two of the dogs have short tails and long
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hair but are not black. If all of the dogs in the kennel have at least one of the
mentioned characteristics, how many dogs are black with long hair but do not
have short tails?Hint: Use Venn diagram.

Problem 4.9
True or false?
(a) 7 ∈ {6, 7, 8, 9} (b) 2

3 ∈ {1, 2, 3}
(c) 5 6∈ {2, 3, 4, 6} (d) {1, 2, 3} ⊆ {1, 2, 3}
(e) {1, 2, 5} ⊂ {1, 2, 5} (f) ∅ ⊆ {}
(g) {2} 6⊆ {1, 2} (h) {1, 2} 6⊆ {2}.

Problem 4.10
Which of the following sets are equal?

(a) {5, 6}
(b) {5, 4, 6}
(c) Whole numbers greater than 3
(d) Whole numbers less than 7
(e) Whole numbers greater than 3 or less than 7
(f) Whole numbers greater than 3 and less than 8
(g) {e, f, g}
(h) {4, 5, 6, 5}

Problem 4.11
Let A = {1, 2, 3, 4, 5}, B = {3, 4, 5}, and C = {4, 5, 6}. In the following insert
∈, 6∈,⊆, or 6⊆ to make a true statement.

(a) 2 A (b) B A (c)C B (d) 6 C.

Problem 4.12
Rewrite the following expressions using symbols.
(a) A is a subset of B.
(b) The number 2 is not an element of set T.

Set Operations
Sets can be combined in a number of different ways to produce another set.
Here four basic operations are introduced and their properties are discussed.
The union of sets A and B, denoted by A ∪ B, is the set consisting of all el-
ements belonging either to A or to B (or to both). The union of A and B is
displayed in Figure 4.3(a). For example, if A = {1, 2, 3} and B = {2, 3, 4, 5}
then A ∪B = {1, 2, 3, 4, 5}. Note that elements are not repeated in a set.
The intersection of sets A and B, denoted by A ∩B, is the set of all elements
belonging to both A and B. The intersection of A and B is displayed in Figure
4.3 (b). For example, if A = {1, 2, 3} and B = {2, 3, 4, 5} then A ∩ B = {2, 3}.
If A ∩B = ∅ then we call the sets A and B disjoint sets. Figure 4.3(c) shows
the two disjoint sets A and B. For example, {a, b} ∩ {c, d} = ∅.
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Example 4.6
Let A = {0, 2, 4, 6, · · ·} and B = {1, 3, 5, 7, · · ·}. Find A ∪B and A ∩B.

Solution.
A ∪B = W, where W is the set of whole numbers.
A ∩B = ∅.

The difference of sets A from B , denoted by A−B, is the set defined as

A−B = {x|x ∈ A and x 6∈ B}.

This set is displayed in Figure 4.3 (d). For example, if A = {1, 2, 3} and B =
{2, 3, 4} then A−B = {1} and B−A = {4}. Note that in general A−B 6= B−A.

Example 4.7
If U = {a, b, c, d, e, f, g}, A = {d, e, f}, B = {a, b, c, d, e, f}, and C = {a, b, c},
find each of the following:
(a) A−B (b) B −A (c) B − C (d) C −B.

Solution.
(a) A−B = ∅.
(b) B −A = {a, b, c}.
(c) B − C = {d, e, f}.
(d) C −B = ∅.

For a set A, the difference U − A, where U is the universe, is called the com-
plement of A and it is denoted by A. Thus, A is the set of everything that is
not in A. Figure 4.3(e) displays the Venn diagram of A.

Figure 4.3

Example 4.8
(a) If U = {a, b, c, d} and A = {c, d}, find A, U, ∅.
(b) If U = N, A = {2, 3, 6, 8, · · ·}, find A.

Solution.
(a) A = {a, b}, U = ∅, ∅ = U.
(b) A = {1, 3, 5, 7, · · ·} = {2n− 1|n ∈ N}.

The fourth set operation is the Cartesian product. We first define an ordered
pair and Cartesian product of two sets using it. By an ordered pair (a, b) we
mean the set {{a}, {a, b}}. Note that (a, b) = (c, d) if and only if {{a}, {a, b}} =
{{c}, {c, d}} and this is equivalent to {a} = {c} and {a, b} = {c, d}. Hence,
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a = c and b = d.
The set of all ordered pairs (a, b), where a is an element of A and b is an element
of B, is called the Cartesian product of A and B and is denoted by A × B.
For example, if A = {1, 2, 3} and B = {a, b} then

A×B = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)}

and
B ×A = {(a, 1), (b, 1), (a, 2), (b, 2), (a, 3), (b, 3)}.

Note that in general A×B 6= B ×A.

Example 4.9
If A = {a, b, c}, B = {1, 2, 3}, find each of the following:
(a) A×B (b) B ×A (c) A×A.

Solution.
(a) A×B = {(a, 1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3), (c, 1), (c, 2), (c, 3)}.
(b) B ×A = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c), (3, a), (3, b), (3, c)}.
(c) A×A = {(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), (c, b), (c, c)}.

Practice Problems

Problem 4.13
Draw Venn diagrams that represent sets A and B as described as follows:
(a) A ⊂ B (b) A ∩B = ∅ (c) A ∩B 6= ∅.

Problem 4.14
Let U = {p, q, r, s, t, u, v, w, x, y} be the universe, and let A = {p, q, r}, B =
{q, r, s, t, u}, and C = {r, u, w, y}. Locate all 10 elements of U in a three-loop
Venn diagram, and then find the following sets:
(a) A ∪ C (b) A ∩ C (c) B (d) A ∪B (e) A ∩ C.

Problem 4.15
If S is a subset of universe U, find each of the following:
(a) S ∪ S (b) ∅ ∪ S (c) U (d) ∅ (e) S ∩ S.

Problem 4.16
Answer each of the following:
(a) If A has five elements and B has four elements, how many elements are in
A×B?
(b) If A has m elements and B has n elements, how many elements are in A×B?

Problem 4.17
Find A and B given that

A×B = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)}.
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Problem 4.18
Let A = {x, y}, B = {a, b, c}, and C = {0}. Find each of the following:
(a) A×B
(b) B × ∅
(c) (A ∪B)× C
(d) A ∪ (B × C).

Problem 4.19
For each of the following conditions, find A−B :

(a) A ∩B = ∅ (b) B = U (c) A = B (d) A ⊆ B.

Problem 4.20
If B ⊆ A, find a simpler expression for each of the following:

(a) A ∩B (b) A ∪B (c) B −A (d) B ∩A.

Problem 4.21
Use a Venn diagram to decide whether the following pairs of sets are equal.

(a) A ∩B and B ∩A
(b) A ∪B and B ∪A
(c) A ∩ (B ∩ C) and (A ∩B) ∩ C
(d) A ∪ (B ∪ C) and (A ∪B) ∪ C
(e) A ∪ ∅ and A
(f) A ∪A and A ∪ ∅.

Problem 4.22
In a survey of 6500 people, 5100 had a car, 2280 had a pet, 5420 had a television
set, 4800 had a TV and a car, 1500 had a TV and a pet, 1250 had a car and a
pet, and 1100 had a TV, a car, and a pet.

(a) How many people had a TV and a pet, but did not have a car?
(b) How many people did not have a pet or a TV or a car?

Problem 4.23
In a music club with 15 members, 7 people played piano, 6 people played guitar,
and 4 people didn’t play either of these instruments. How many people played
both piano and guitar?

Problem 4.24
Use set notation to identify each of the following shaded region.
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Problem 4.25
In the following, shade the region that represents the given sets:

Problem 4.26
Use Venn diagrams to show:

(a) A ∪B = A ∩B
(b) A ∩B = A ∪B

Problem 4.27
Let G = {n ∈ N|n divides 90} and D = {n ∈ N|n divides 144}. Find G ∩ D
and G ∪D.

Finite and Infinite Sets
The notion of one-to-one correspondence is so fundamental to counting that
we don’t even think about it. When we count out a deck of cards, we say,
1, 2, 3, ... , 52, and as we say each number we lay down a card. So we
have a pairing of the cards with the numbers 1, 2, · · · , 52. This pairing defines
a one-to-one correspondence. In general, we say that we have a one-to-one
correspondence from a set A to a set B if every element of A is paired to
exactly one element in B and vice versa every element in B is paired with exactly
one element of A. In this case, the sets A and B are said to be equivalent and
we write A ∼ B. If A and B are not equivalent we write A 6∼ B. Figure 4.4
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shows a one-to-one correspondence between two sets A and B.

Figure 4.4

Example 4.10
Consider a set of three swimmers {A, B,C} and a set of three swimming lanes.

(a) Exhibit all the one-to-one correspondence between the two sets.
(b) How many such one-to-one correspondence are there?

Solution.
(a) Figure 4.5 shows all the one-to-one correspondence between the two sets.
(b) There are six one-to-one correspondence.

Figure 4.5

A set is finite if it is empty or can be put into a 1-1 correspondence with a set of
the form {1, 2, 3, · · · , n} for some n ∈ N. The number n represents the number
of elements in A. A set that is not finite is said to be infinite. For example, the
set {a, b, c, d} is finite whereas the set of all even counting numbers is infinite.

Example 4.11
Decide whether each of the following sets is finite set or an infinite set.

(a) The set of whole numbers less than 6.
(b) The set of all the pencakes in Arizona right now.
(c) The set of counting numbers greater than 6.

Solution.
(a) {0, 1, 2, 3, 4, 5} is finite.
(b) The set of all the pencakes in Arizona right now is a finite set.
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(c) {7, 8, 9, · · ·} is an infinite set.

Practice Problems

Problem 4.28
Which of the following pairs of sets can be placed in one-to-one correspondence?

(a) {1, 2, 3, 4, 5} and {m, n, o, p, q}.
(b) {m, a, t, h} and {f, u, n}.
(c) {a, b, c, d, e, f, · · · , m} and {1, 2, 3, · · · , 13}.
(d) {x|x is a letter in the word mathematics} and {1, 2, 3, · · · , 11}.

Problem 4.29
How many one-to-one correspondence are there between the sets {x, y, z, u, v}
and {1, 2, 3, 4, 5} if in each correspondence

(a) x must correspond to 5?
(b) x must correspond to 5 and y to 1?
(c) x, y, and z correspond to odd numbers?

Problem 4.30
True or false?

(a) The set {105, 110, 115, 120, · · ·} is an infinite set.
(b) If A is infinite and B ⊆ A then B is also infinite.
(c) For all finite sets A and B if A ∩ B = ∅ then the number of elements in A
plus the number of elements in B is equal to the number of elements in A ∪B.

Problem 4.31
Show three different one-to-one correspondence between the sets {1, 2, 3, 4} and
{x, y, z, w}.

Problem 4.32
Write a set that is equivalent but not equal to the set {a, b, c, d, e, f}.

Problem 4.33
Determine which of the following sets are finite. For those sets that are finite,
how many elements are in the set?

(a) {ears on a typical elephant}
(b) {1, 2, 3, · · · , 99}
(c) Set of points belonging to a line segment.
(d) A closed interval.

Problem 4.34
Decide whether each set is finite or infinite.

(a) the set of people named Lucky.
(b) the set of all perfect square numbers.
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Problem 4.35
How many one-to-one correspondence are possible between each of the following
pairs of sets?

(a) Two sets, each having two elements (b) Two sets, each having three ele-
ments (c) Two sets, each having four elements (d) Two sets, each having N
elements.

Problem 4.36
A set A is infinite if it can be put into a one-to-one correspondence with a proper
subset of itself. For example, the set W = {0, 1, 2, 3, · · ·} of whole numbers is
infinite since it can be put in a one-to-one correspondence with its proper subset
{10, 11, 12, · · ·} as shown in the figure below.

Show that the following sets are infinite:

(a) {0, 2, 4, 6, · · ·}
(b) {20, 21, 22, · · ·}.

Problem 4.37
Show that N and S = {1, 4, 9, 16, 25, · · ·} are equivalent.
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