
13 Algorithms for Multiplication and Divi-

sion of Whole Numbers

In this section, we discuss algorithms of whole numbers’ multiplication and
division.

Algorithms for Whole Numbers Multiplication
Similar to addition and subtraction, a developemnt of our standard mul-
tiplication algorithm is shown in Figure 13.1.

Figure 13.1

Whole number properties help justify the standard procedure:

34 × 2 = (30 + 4) × 2 Expanded notation
= (30 × 2) + (4 × 2) Distributivity
= 60 + 8 multiplication
= 68 addition

Example 13.1
Perform 35 × 26 using the expanded algorithm.
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Solution.

Lattice Multiplication
Figure 13.2 illustrates the steps of this algorithm in computing 27 × 34.

Figure 13.2
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The Russian Peasant Algorithm
This algorithm employs halving and doubling. Remainders are ignored when
halving. The algorithm for 33 × 47 is shown in Figure 13.3.

Figure 13.3

Practice Problems

Problem 13.1
(a) Compute 83 × 47 with the expanded algorithm.
(b) Compute 83 × 47 with the standard algorithm.
(c) What are the advantages and disadvantages of each algorithm?

Problem 13.2
Suppose you want to introduce a fourth grader to the standard algorithm
for computing 24× 4. Explain how to find the product with base-ten blocks.
Draw a picture.

Problem 13.3
In multiplying 62× 3, we use the fact that (60 + 2)× 3 = (60× 3) + (2× 3).
What property does this equation illustrate?

Problem 13.4
(a) Compute 46 × 29 with lattice multiplication.
(b) Compute 234 × 76 with lattice multiplication.
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Problem 13.5
Show two other ways besides the standard algorithm to compute 41 × 26.

Problem 13.6
Four fourth graders work out 32 × 15. Tell whether each solution is correct.
If so, what does the child understand about multiplication? If the answer is
wrong, what would you tell the child about how to solve the problem?
(a) 32 × 10 is 320. Add half of 320, which is 160. You get 480.

(d) 32 × 15 is the same as 16 × 30, which is 480.

Problem 13.7
Compute 18 × 127 using the Russian peasant algorithm.

Problem 13.8
What property of the whole numbers justifies each step in this calculation?

17 · 4 = (10 + 7) · 4 Expanded notation
= 10 · 4 + 7 · 4
= 10 · 4 + 28 multiplication
= 10 · 4 + (2 · 10 + 8) expanded notation
= 4 · 10 + (2 · 10 + 8)
= (4 · 10 + 2 · 10) + 8
= (4 + 2) · 10 + 8
= 60 + 8 multiplication
= 68 addition
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Problem 13.9
Fill in the missing digit in each of the following.

Problem 13.10
Complete the following table:

a b ab a+b
56 3752

32 110
270 33

Problem 13.11
Find the products of the following and describe the pattern that emerges.
(a)

1 × 1
11 × 11
111 × 111
1111 × 1111

(b)
99 × 99
999 × 999
9999 × 9999

Algorithms for Whole Numbers Division
As in the previous operations, we will develop the standard algorithm of divi-
sion by starting from a concrete model. We consider three algorithms: base
ten blocks, repeated-subtraction (or scaffold), and standard division (also
known as the long division algorithm).
Figure 13.4 shows how to compute 53 ÷ 4 with base ten blocks, expanded
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algorithm, and standard algorithm.

Figure 13.4

As just shown in Figure 13.4 (b), various multiples of 4 are subtracted suc-
cessively from 53 (or the resulting difference) until a remainder less than 4 is
found. The key to this method is how well one can estimate the appropriate
multiples of 4.
The scaffold algorithm is useful either as a transitional algorithm to the stan-
dard algorithm or an alternative for students who have been unable to learn
the standard algorithm.

Example 13.2
Find the quotient and the remainder of the division 1976 ÷ 32 using the
scaffold method.
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Solution.

Practice Problems

Problem 13.12
Sketch how to use base ten blocks to model the operation 673 ÷ 4.

Problem 13.13
Use the standard algorithm to find the quotient and the remainder of the
division 354 ÷ 29.

Problem 13.14
Perform each of the following divisions by the scaffold method.
(a) 7425 ÷ 351 (b) 6814 ÷ 23

Problem 13.15
Two fourth graders work out 56÷ 3. Tell whether each solution is correct. If
so, what does the child understand about division? In each case, tell what
the child understands about division?
(a) How many 3s make 56? Ten 3s make 30. That leaves 26. That will take
8 more 3s, and 2 are left over. So the quotient is 18 and the remainder is 2.
(b) Twenty times 3 is 60. That is too much. Take off two 3s. That makes
eighteen 3s and 2 extra. Thus, the quotient is 18 and the remainder is 2.

Problem 13.16
Suppose you want to introduce a fourth grader to the standard algorithm
for computing 246 ÷ 2. Explain how to find the the quotient with base ten
blocks.

7



Problem 13.17
A fourth grader works out 117 ÷ 6 as follows. She finds 100 ÷ 6 and 17 ÷ 6.
She gets 16 + 2 = 18 sixes and 9 left over. Then 9÷ 6 gives 1 six with 3 left
over. So the quotient of the division 117 ÷ 6 is 19 and the remainder is 3.
(a) Tell how to find 159 ÷ 7 with the same method.
(b) How do you think this method compares to the standard algorithm?

Problem 13.18
Find the quotient and the remainder of 8569 ÷ 23 using a calculator.

Problem 13.19
(a) Compute 312 ÷ 14 with the repeated subtraction algorithm.
(b) Compute 312 ÷ 14 with the standard algorithm.
(c) What are the advantages and disadvantages of each algorithm?

Problem 13.20
Using a calculator, Ralph multiplied by 10 when he should have divided by
10. The display read 300. What should the correct answer be?

Problem 13.21
Suppose a = 131 × 4789 + 200. What is the quotient and the remainder of
the division of a by 131?
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